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Abstract. In the first part of the paper we present and discuss concepts of local 
and asymptotic hereditary proximity to l\ . The second part is devoted to a complete 
separation of the hereditary local proximity to i\ from the asymptotic one. More 
precisely for every countable ordinal £ we construct a separable reflexive space 
such that every infinite dimensional subspace of it has Bourgain i\ -index greater 
than u>£ and the space itself has no ^-spreading model. We also present a reflexive 
HI space admitting no t p as a spreading model. 



1. Introduction 

Concepts of proximity to a classical £ p (or en) space play a significant role to the 
understanding of the structure of a Banach space. They are categorized as follows: 

The first one is the global proximity to £ p which simply means that £ p is isomorphic 
to a subspace Y of X. The local proximity which occurs more frequently, due to J.L. 
Krivine's theorem [19] ; is measured through the Bourgain ^,-index [TU]. The last concept 
is the asymptotic proximity that varies from A. Bruncl-L. Sucheston £ p -spreading models, 
[TT] . to the asymptotic £ p spaces. The latter class of Banach spaces appeared after B.S. 
Tsirelson space [28] that answered in negative the famous Banach's problem by showing 
that global proximity to some £ p is not always possible. 

It is easy to see that the global proximity to £ p is the strongest one followed by the 
asymptotic one. The local proximity is the weakest among them. It is also known that 
the three classes are separated for each £ p . Namely there are spaces with arbitrarily 
large local proximity to £ p but no asymptotic one and similarly for the asymptotic and 
the global ones. The present paper is mainly devoted to the separation of the local and 
asymptotic proximity to l\ when the first one is hereditarily large. In particular our work 
is motivated by a result of the third named author stated as follows. 

Theorem. f[25j ) Let X be a separable Banach space and £ be a countable ordinal. If X 
is boundedly distortable and has hereditary Bourgain £\-index greater than ui^ then it is 
saturated by asymptotic t\ spaces. 

Let's recall that the hereditary Bourgain ^ p -index of a Banach space X is the minimum 
of Bourgain l p - index of its subspaces. In the sequel by the £ p -index we will mean the 
Bourgain ^ p -index. 

In view of the above theorem it is natural to ask how critical is the bounded distortion 
of X for the final conclusion. It is also worth adding that heredity assumptions for the 
local proximity to £\ could yield large asymptotic one. In this direction we prove the 
following. 

Proposition. Let (e„) be a Schauder basis of a Banach space X such that the Bourgain 
£\-tree supported by any subsequence of (e„) n6 N has order greater than uj^ . Then there 
exists a subsequence generating an £\ -spreading model. 
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Our aim is to show that large hereditary ^i-structure in a Banach space X does not 
imply in general any asymptotic one. More precisely the main goal at the present paper 
is to prove the next 

Theorem. For every countable ordinal £ there exists a separable reflexive space Xj with 
the hereditary l\-index greater than u)£ such that X^ does not admit an l\-spreading 
model. Moreover the dual X^ has hereditary c^-index greater than u>^ and does not admit 
Co as a spreading model. 

Our approach in constructing the space X^ is based on mixed Tsirelson extensions 
of a ground set G^ using the method of attractors. The latter appeared in [5] and is 
extensively used in [3J. The method of attractors has two separated steps that we are 
about to describe. 

In the first step an auxiliary space is constructed that partially solves the required 
problem. In our case for a given countable ordinal £ we construct a ground set G^ such 
that the resulting space Xg ( is reflexive, has a Schauder basis (e„)„ e N and satisfies the 
following properties. 

i) The space Xq^ does not have an ^-spreading model. 

ii) For every L 6 [N] the ^i-index of the subspace ((e„) n gi) is greater than 

The above stated proposition together with property i) of the space Xc i indicate 
that property ii) requires special attention. Namely for every subsequence (e n ) n g£ of the 
basis the ^i-index of the corresponding subspace should be greater than u>^ but the £i-tree 
supported by that subsequence should be of small height. To achieve those requirements 
we include in the set G^ a co-tree generated by functionals of the form rn^_ x ~^2 keB e* k , 
#B < n%j-\ and the tree order induced by an appropriate coding function. 

The proof that Xg ( does not have an £ i-spreading model heavily relies on combina- 
torics in particular on Ramsey theory. 

The next step is to define the space X^. For this purpose we proceed to a mixed 
Tsirelson extension K$ of the set G^ including also the attracting functionals. The space 
X^ is the completion of (coo(N), |H|k € ) where \\-\\k € 1S the norm induced by the set 

For our approach the attracting functionals are of significant importance. They are 
the tool for transferring to every block subspace of X^ a large co-subtree from the set G^. 
Thus we are able to show that the hereditary Co index of X£ is greater than ufi. This does 
not yield that the corresponding ^i-index of X^ is also greater than w'. Therefore we need 
one more step, namely the desired space Xj is a quotient X^/X^ where Xg = ((e n ) n gi) 
with L a suitable subset of N. Both spaces X^,X^ do not have an i\ spreading model. 

We proceed now to describe how the paper is organized. 

Section [3] is devoted to preliminary notions and results. 

In Section [3J we discuss different concepts of local and asymptotic proximity to t\ . 
More precisely we introduce the hereditary strategic £i-index of a Banach space X de- 
noted as Ihs(X). This index is formulated in terms of Gowers game and Schreier families 

, £ < lo\ . A non- hereditary version of the aforementioned index, related to the asymp- 
totic structures defined in [21] . is also presented. The Ihs(X) is essentially equivalent 
to the hereditary block £i-index, denoted as Ihb(X), in the following manner: First we 
show that for every countable ordinal £ if Ij ls (X) > £ then Ihb(X) > aA In the opposite 
direction Gowers dichotomy [TS] yields that if Ihb(X) > u>£ then there exists a closed 
subspace Y of X with Ih s (Y) > £. Furthermore we examine the relation between the con- 
cepts of non-hereditary ^-proximity. We finish Section [3] by showing strong correlation 
between the above notions in a subsequence setting, i.e. with block sequences replaced 
by subsequences of a fixed basis. The main result in this part is Proposition 13.71 which 
has been mentioned before. 

With Section [¥] we start dealing with our final goal namely the space X^ . Thus in 
this section for a given countable ordinal £ we define a ground set G^ which serves as 
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a norming set for the aforementioned auxiliary space Xa ( - The set Gg includes a rich 
Co— tree of height greater than w*. This tree is defined as follows. First Gg contains all 
functionals of the form XiigB 4 with #B < U2j-i where (TijJjeNi (mj^jeN are 

appropriate increasing sequences of natural numbers. Next using a coding function a, in 
a similar manner as in the classical work of B. Maurey and H. Rosenthal [22], we define 
a well-founded tree of c-special sequences ...,/d) ordered by the initial segment 
inclusion. Each /; is of the form m^,- _ 1 X^/cgs, e fe> i^Bi < n%ji— i- Then we include into 
Gg all J2t=i i/i where (fi)f =1 is a cr-special sequence. 

A second ingredient of Gg is coming from James tree-like spaces [T7] (see also pQ, 
Chapter 13 or [3]). Namely we include all rational ^-convex combinations of functionals 
X^ = i i/i with disjoint weights. We denote by Xq^ = (c o(N), ||-||g 5 ) the space with the 
set Gg as the norming set. 

In Section [5] we present the basic properties of the space Xq ( - Namely it is reflexive, 
has a Schauder basis (e n ) n gN, is ^-saturated and for every L G [N] the £i-index of the 
subspace ((e n ) n£ i) is greater than aA Also we show a dual result. Namely for every 
(e*) n gi in the dual Xq the co-index of ((e*)„gL) is similarly large. 

In Section [5] it is shown that the space Xq^ does not have an ^-spreading model. 
This is the most involved part of the study of Xq^ . This result is critical as with some 
small additional effort yields that the ultimate space Xg shares the same property. The 
difference of the space Xq^ from the earlier examples of spaces with no £ p -spreading 
model, (i.e. [24]) is that Xg s has a rich local l\ structure. Therefore the proof requires 
new tools which are of combinatorial nature. The main part of the proof is given by 
Proposition 16.31 

In Section [7] we define the set Kg which is the norming set of the intermediate space 
Xg. The ingredients of the set Kg are the following: 

i) The set Gg is included into Kg. In particular Kg is a mixed Tsirelson extension of 

ii) For the aforementioned sequences (mj)j, (rij)j the set Kg is closed under the even 
operations. Namely it contains all / = m 2j X)i=i fi with /i < • • • < f n2j m Kg. 

iii) For the odd operations (A n2j _ 1 , m^j—i) includes the attracting functionals. 

Those are functionals of the form / = rn^^x (/zi-i + e i 2i ) with f\ < e\ 2 < f 3 < 

e z * 4 < . . . and the whole sequence is selected with the aid of a coding function. 

iv) The set Kg contains all rational ^-convex combinations of its weighted functionals 
with disjoint weights and also it is a rationally convex set. 

The set Kg induces a norm on coo (N) and the space Xg is its completion. The attract- 
ing functionals are responsible for carrying structure from the set Gg to block subspaces 
of X| . To make more transparent the role of the attracting functionals let us first no- 
tice, that each attracting functional / consists of two parts. Namely f = gi + §2 where 
,9i = m^_ x {fi + f 3 + ...) and g 2 = ■m 2 ^_ l {e* h + e* 4 + . . .). The key result for applying 
the method of attractors is the following 

Lemma. For every block subspace Y of Xg , for every jo G N and every e > there exists 

an attracting functional f — 2 (/2i-l + e /* 3i ) such that writing f = g\ + g2 

we have dist(<?i,y) < e and 

(!) \\gi\\ > cm 2 j -i 

where c S (0,1) is a universal constant. 

Granting |T]) we proceed as follows. We observe that ||/|| < 1 as / € Kg and also |T]) 
yields ||w^ o _ 1 <7i|| > c. Therefore the functional m^ Jo _ 1 (7i has norm bounded from below 
by c and also 

(2) ll^2"/o-lffl - (- TO 2"/o-l52)|| < ^2jo-l- 
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We recall that (— m^^pa) <= and in fact is a component of the co-tree structure 
included in G^. Therefore inequality ([2]) permit us to transfer into an arbitrary block 
subspace of a cq— tree structure of height greater than ui^. It is worth pointing out 
that the method of attractors offers a considerable reduction to the complexity of the 
proofs for properties of the ultimate space. For example in the case of the space X^ 
the proof that the space does not have an ^-spreading model is essentially given for the 
auxiliary space Xg ( where the norming set G^ is simpler than the set K^. 

Sections I8|9I10I are rather technical and include the necessary estimations for prov- 
ing the aforementioned inequality ([T]). This part is closely related to the well known 
estimations in mixed Tsirelson and Hereditarily Indecomposable spaces. The additional 
complexity of this part, compared to the previous similar results, arises from property 
iv) of the norming set and the local cq— structure of the set Gj. A consequence of 
the new estimations is the following theorem. 

Theorem. There exists a reflexive HI space X admitting no £ p , 1 < p < oo, or cq as a 
spreading model. 

This result is presented in Section [TT] which also includes a general result concerning 
spaces with no l v (or cq) as a spreading model (Theorem lll.3p . E. Odell and Th. 
Schlumprccht, 2H], have presented the first example of a Banach space with no l v (or 
Co) as a spreading model. The aforementioned result provides an alternative proof of the 
latter property of E. Odell and Th. Schlumprecht example and also yields that the space 
X$ does not have an ^-spreading model. 

In Section[T2]we show that the space X| has hereditary co-index greater than ufi. This 
result does not allow us to conclude that the hereditary £i-index of X% is also greater 
than ufi . It is worth pointing out that in general the existence of local or asymptotic 
co-structure in X* yields that the corresponding l\ will occur on X. For example it is 
easy to see that if X* has a co-spreading model then X will have a corresponding t\. 
This fact seems not to remain valid for the hereditary local or asymptotic structure as 
X^ indicates. 

In Section Q2] we make the final step in defining the space X^ = X^/X^ where X^ — 
((e„) n£ l) with a suitable subset L of N. The space Xj has a Schauder basis and J^b(Xj) > 
oj^ . The space X{ does not have an £i-spreading model since it is quotient of X^ which 
satisfies the same property. Actually both spaces X^ and X^ does not have any £ p as a 
spreading model. 

2. Preliminaries 

We start by recalling some basic definitions and standard notation. Let X be a 
Banach space with a basis (e.;). Given any basic sequence (x n ) by {(x n ) n ) we denote 
the closed vector subspace spanned by (x n ). The support of a vector x — J2i x i e i i s the 
set suppx = {i € N : Xi ^ 0}, we define the ranges of a vector x S X as the smallest 
interval in N containing support of x. Given any x — J2i x i e i an d finite E C N put 
Ex = ^2 ie E x i e i- We write x < y for vectors x,y <E X, if maxsupp(x) < minsupp(y). A 
block sequence is any sequence (xi) G X satisfying x\ < x% < . . . , a block subspace of X 
- any closed subspace spanned by an infinite block sequence. A tail subspace of X is any 
subspace of the form ((e„)„> no ) for some n G N. 

Let (s n ) n£ i be a sequence and (e„)„gN be a sequence of positive numbers. We say 
that (y n )n€N is (e„)-close to (x„)„ eN if H^n ~ Vn\\ < £ n for every neN. 

Given infinite M C N by [M] we denote the family of all infinite subsets of M, by 
[M]<°° - the family of all finite subsets of M. By [M] n , n e N, we denote all finite 
subsets of M of cardinality n. A family T of finite subsets of N is regular, if it is 
hereditary, i.e. for any G C F, F € T also G € J 7 , spreading, i.e. for any integers 
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Tlx < • • • < rik and m\ < • • • < with < mi, i — l,...,k, if (ni, . ..,rifc) € J 7 then 
also (mi, . . . , mfc) G F, and compact in the product topology of 2 N . 
The families A n , n G N, are defined by the following formula: 

i„ = {F C N : #F < n}, n G N. 

Define the generalized Schreier families (5j)j <aJl of finite subsets of N by the transfinite 
induction [2]: 

5 = {{n} : n G N} U {0} 

S e+1 = 5 X [5 C ] = {F x U • • • U F m : m G N, Fi, . . . ,F m G S ( , m < Fx < ■ ■ ■ < F m } 
for any £ < uj\ . If £ is a limit ordinal, choose £„ /* £ and set 

= {F : Fe and n < F for some n G N}. 

It is well known that the families „4„, n 6 N, Sj, ( < wi, are regular families of finite 
subsets of N. 

Let us recall that a set F G is called a maximal set if there is no G G such that 
F C G. In 14J it is proved that F is 5^-maximal if and only if there is no k G N with 
F < k and F U {fc} G 

Definition 2.1. Let F 6e one of the families A n , n G N, 5^, ^ < Wi, anrf 6* G (0, 1). 
1) A finite sequence (/i, . . . , fk) in coo(N) is said to be T -admissible if 

supp(/i) < ■ ■ • < supp(/fc) and {min(/i), . . . ,min(/ fc )} G F 

2) The (F ,0)- operation on coo(N) is the operation which assigns to each F -admissible 
sequence fi < ■ ■ ■ < fd the vector 6(f\ + ■ • ■ + fd)- 

Throughout this paper by a tree on a set X we mean a subset T of Un=i ^ n sucn 
that (x%, . . . ,Xk) G T whenever (xx, . . . , Xf., Xk+i) G T, k G N, ordered by the initial 
segment inclusion. A tree T is well-founded, if there is no infinite sequence (xi) C X 
with (xi, . . . ,Xk) G F for any fc G N. Given a tree F on X put 

D(T) = {(xx, ■ ■ ■ , Xk) '■ (xx, ■ ■ ■ , Xk, x) G F for some a; G A}. 

Inductively define trees D a (T): D°(T) = F, F Q+1 (F) = D(D a (T)) for a ordinal and 
D a (T) — n^< Q -D (T) for a limit ordinal. The order of a well-founded tree F is given 
by o(F) = inf {a : D a (T) = 0}. 

Let F be a countable family of finite subset of N endowed with the topology of the 
pointwise topology. For a < u>x, we set jF Q+1 = {F G F : F- a limit point of F a } 
and for a limit ordinal F Q = n ( 3< Q F /3 . The Cantor-Bendixson index of F, denoted by 
CF(F), is defined as the least a for which F Q = 0. 

Let F be a countable tree on N. Then F defines the family 

Fr = {F G [N] <0 ° : there exists t G F with F a subset of the range of t}. 

It follows that the family Fr is hereditary. Conversely given F a countable family of 
finite subsets of N with each F G F we associate the finite strictly increasing sequence 
tp of integers with range equal to the set F. We set 

Tjr = {t G U n [N] n : there exists F G F such that t is initial segment of tp}- 

From the above definitions it follows that F G F 1 if and only if the corresponding node 
in the tree has infinitely many immediate successors. It follows CB(T) < o(Tjr). In the 
case of the Schreier families (c.f 0) it follows that 

CB{S^=o(T S( ) = ^ + l. 

For unexplained notions and notations we refer the reader to [20] . 
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3. Concepts of proximity to i\ 

In this section we introduce the hereditary strategic €i-index (Def. 13 .3(1 and show 
that it is essentially equivalent to the notion of the hereditary Bourgain £i-index (Prop. 
I3.4p . We discuss also non-hereditary concepts of proximity to £i and show strong relation 
between these notions in the sequence setting (Prop. 13. 7p . 

Definition 3.1. Let X be a Banach space with a basis. 

A tree T on X is an t\-tree on X with constant C > 1, if any (xi, . . . , Xk) S T is a 
normalized sequence C- equivalent to the unit vector basis of l\. Let 

I(X,C) = sup{o(T) : T — li-tree on X with constant C}, C > 1 

The (Bourgain) l\-index of X is defined by I(X) — swp{I(X, C) : C > 1}. 

The block (Bourgain) t\-index I\,(X) , is defined analogously, using t\-trees consisting 
only of block sequences. 

It follows by [TO] that for a separable Banach space X the £i-index is a countable 
ordinal if and only if X does not contain l\. In this case the £i-index is of the form ufi 
for some £ < u>i and also it is greater than h{X, C) for any C > 1, and the same holds for 
the block £i-index [IS]. Recall that if I(X) > uj u , then I{X) = I b (X), if I{X) = uj n+1 , 
then Ib(X) = oj n or h(X) = ui n+1 [TH]. For more information on the block £i-index see 

Em. 

The hereditary (Bourgain) ^i-index is defined as Ih{X) = min{/(F) : Y is subspace 
of X}. The hereditary block (Bourgain) £i-index, denoted as Ihb(X), is defined similarly 
taking block Bourgain £i-indices of block subspaces. 

Next we introduce the following notion. 

Definition 3.2. Let X be a Banach space with basis, £ < u)\, C > 1 and consider an 
iSj -game between the players S and V defined as follows: 

in the i—th move player S chooses a block subspace Xi of X and player V picks a 
normalized block vector Xi € Xi . 

We say that player V wins, if the resulting sequence {xi)^ =1 is C-equivalent to the 
standard basis of l\ and maximal S^-admissible (i.e. {minsupp : i = 1, . . . , k} is 
S^-maximal). We say that V has a winning strategy, ifV wins the game for any possible 
choice of the player S . 

Definition 3.3. Let X be a Banach space with a basis. We define the hereditary strategic 
l\ -index of X by the formula 

Ihs(X) = sup{£ < u>i : for any £ < £ there is C > 1 such that 

V has a winning strategy in Sq — game with constant C}. 

If we consider the game above where S chooses only tail subspaces instead of arbitrary 
block subspaces, then we define the strategic t\-index of X denoted by I S (X). 

In non- hereditary case for £ — 1 we obtain Definition 2.1. [2"T] . 

The next result describes the relations between the above introduced notions. 

Proposition 3.4. Let X be a Banach space with a basis, £ < u>i. 
If I hs (X) > £ then I hb (X) > w« . 

If Ihb(X) > uj£ then Ih s (Yo) > £ for some block subspace Yq of X. 

Proof. We can assume that X does not contain a copy of l\ . Notice that for any £ < lo\ 
we have Ih s {X) > £ if and only if player V has a winning strategy in S^-game with some 
constant C > 1. 

Assume first that player V has a winning strategy in the 5^-game (with some constant 
C). Fix a block subspace Y. Then player V in particular has a winning strategy in 
producing maximal 5^-admissible sequences C-equivalent to the unit vector basis of i\ 
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in the -game, in which player S chooses at each step some m k <E N and V chooses 
Xk G Y with Xk > nik (i.e. player S chooses only tail subspaces of Y). 

Take the tree T of all block sequences produced by player V in all 5^-games for all 
block subspaces Y, with all possible moves of player S, i.e. all block sequences {x\ , . . . , Xk) 
produced by player V at some point in all iS^-games according to his winning strategy. It 
follows that T is an ^i-tree with a constant C. We show now that o(T) > o(S^) = u>^ + 1 
which implies that h(Y) > aA 

For any (mi, . . . , mfe) G S$ by T mit ... tmk denote the set of all block sequences of length 
k produced by V according to his winning strategy in all 5^-games, where S has chosen 
in his first k moves mi, . . . , mj,. 

By induction we show that for any a < uj\ we have 

D a (T) D U{T mi ,..., mfc : (m 1 ,...,m k )eD a (S i )}. 

Indeed, if a = /3 + 1 (in particular if /? = 0), then by the inductive assumption (or by the 
definition of T in case of /3 = 0) we have 

DOD^T) D U{D(T mi ,..., ro J : (m 1; . . . ,m fe ) e D^S*)} 

= U{2^ reil ..., mfc _ 1 : (mi, . . . , m k ) G ^(5 C )} = U{T mi ,..., mi : (mi, . ..,m,) G £>"(<%)} 

For any limit a < w\ by the inductive assumption we have 

n p<a DPT Dr\p <a U{T mi ,..., mk : (mi,...,m fe ) e Z? /3 (5 5 )} 

D U{T mi ,... >m , : (mi,...,mfc) G D a (S i )}. 

It follows that o(T) > o(«Sg), which ends the proof of the first implication. 

Assume now that for any block subspace Y of X we have h(Y) > uj^. We will show 
now that in any block subspace Y there is a block subspace lo and C > 1 such that in 
any subspace W G Yq there is a maximal 5^-admissible block sequence (x±, . . . ,Xk) C- 
equivalent to the unit vector basis of t\. Then by Gowers dichotomy for games for families 
of finite block sequences [T5] in some block subspace of Y player V has a winning strategy 
for producing maximal ^-admissible block sequences 2C-equivalent to unit vector basis 
of suitable finite dimensional spaces t\, which will prove that Ih s (X) > £. 

First notice that there is some block subspace Fo and universal constant C such 
that for any block subspace Z of Yq there is an £i-tree Tz on Z with constant C and 
o(Tz) > + 1. Since we deal with £i-trees, we can assume that they are hereditary 
trees, i.e. for any £i-tree TZ, any [xiji^p £ TZ and any G C F we have also (a^eG G 7?.. 

Indeed, otherwise we can produce a decreasing sequence of block subspaces (Y n ) such 
that in each Y n there is no £i-tree with constant n and order greater than u>^ + I. 
Then the diagonal subspace does not contain any £i-tiee of order greater than to^ + 1, a 
contradiction with the assumption, since the block ii-mdex of a Banach space is a limit 
ordinal. 

Take Yq and the constant C as above, for any block subspace Z of Yo pick an ^i-tree 
T z with constant C and o(T z ) > + 1. Let T = \J{T Z : Z C Y }. Then T is also an 
hereditary ii-tree (with constant C). 

Pick any block subspace W = ((w n ) n ) of Yo. Let L = {minsupp w n : n G N} and 

T = {(minsuppxi, . . . , minsupp a^) C L : (xi, . . . , Xk) G T fl W , k G N} 

Notice that the tree T is hereditary and well-founded. Indeed, assume that there is 
(«i)iGN such that (m, ...,nfc) G T for any k G N. Thus for any fc G N there is 
(arf, . . . ,x^) G T with ni < < n 2 < x\ < ■ ■ ■ < n k < x\. By compactness argu- 
ment we can assume that for some block sequence (xi) we have x\ — + xi in X as k — > oo. 
Since each sequence (a;J, . . . , x^) is C-equivalent to the unit vector basis of l\, thus (arj)jgN 
is equivalent to the unit vector basis of i\ , a contradiction with the assumption from the 
beginning of the proof. 
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By I. Gasparis' dichotomy [H] there is some infinite M C L such that either n 
[M] <°° c T or T n [M] <oc C S i . 

We show that the first case holds by the following 

Claim. Given any tree 1Z on X let 

Tfi = {(minsuppxi, . . . , minsuppx fe ) : (x\, . . . ,x k ) S TZ} 

Then if trees TZ and T-n are well-founded it follows that o(TZ) < o{T-n). 

To prove the claim it is enough to show by induction that J 7 D a CR.) C D a {T-ji) for any 
a < u>i. 

Let now Z = ((w n ) m i naup p Wn £M)- By definition of T and T we have that TC][M] <0 ° D 
Tt z , therefore by the above Claim 

o(TC\ [M] <QC ) > o(T z ) > w € + 1 = o(S e ) 

hence S 6 n [Af] <oc C T must hold. 

Take now any [m, . . . ,n k ) maximal in 5^ H [M] <oc C J 7 and the corresponding 
(xi, . . . , Xk) E TO W k with minsupp Xi = i = 1, . . . , k. It is clear that {x\, . . . ,x k ) 
is maximal ^-admissible. Therefore we picked in W a maximal 5^-admissiblc block 
sequence C-equivalent to the unit vector basis of some finite dimensional £i, which by 
previous remarks ends the proof. □ 

Remark 3.5. The non-hereditary case the above proposition takes the following form 
for a Banach space X with a basis: 
If I S (X) > f, then I b (X) > <J . 

If h{{{e n )neM)) > V* for any M G [N], then I S (X) > £. 

The proof goes along the same scheme as above, with passing to subspaces spanned by 
subsequences of the basis instead of block subspaces. 

A stronger representation of l\ in a Banach space is described by the following notions: 

Definition 3.6. Let X be a Banach space with a basis and £ < uj\ be a countable ordinal. 

A normalized basic sequence (aij)ieN C X generates an (^-spreading model, £ < uj\, 
with constant C > 1, if for any F € the sequence {xi)i^p is C-equivalent to the unit 
vector basis of tf F . 

We say that (xi) generates an t\-spreading model if the above property holds for £ = 1. 
The space X is if -asymptotic, if any S^-admissible sequence (xi)™ =1 is C-equivalent 
to the unit vector basis of £™ . 

The space X is said to be i\-asymptotic if the above property holds for £ = 1. 

The asymptotic i\ spaces were introduced in |23j . £i-spreading models of higher order 
were studied in 

Replacing l\ by cq in the above definitions we obtain the (Bourgain) Co-index, a Cg- 
spreading model and an asymptotic Co space. 

The structures described in the above definitions give us an hierarchy of the represen- 
tation of l\ in a Banach space X with a basis, not containing l\ . For a countable ordinal 
£ < uii we consider the following four "local" structures: 

A) The space X is l\ asymptotic. 

B) The space X contains a sequence generating an ^-spreading model. 

C) The strategic ^i-index of X is greater than £. 

D) The block £i-index of X is greater than ufi . 

Let us observe that the following implications hold for the above structures 

A) =► B) C) D) 
The reverse implications are not true. 
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First observe that for every £ < u)\ the Tsirelson spaces T[S^,9], 6 £ (0,1), are 
examples of reflexive Banach space which are ^-asymptotic however they do not contain 
lx- 

The Schreier space , £ < u>\ , is an example of Banach space with basis for which 
every subsequence of the basis generates an ^-spreading model and it does not contain 
an asymptotic i\ subspace for any £ < £ since, as it is well known, is co-saturated. 

In the next section of the paper for every £ < 01% we provide an example of Banach 
space Xg s with strategic €i-index greater than £ yet Xg ( does not contain sequence 
generating an ^-spreading model. More precisely the space Xq^ has basis such that in 
the game, where S chooses subspaces spanned by subsequences of the basis, player V has 
a winning strategy. Therefore if a space X has strategic ^i-index greater than £, then it 
does not follow that X contains a sequences generating an ^i-spreading model. 

A richer asymptotic i\ structure than the one described in property C) would be 
provided by a winning strategy of player V in the following modification of the 5^-game: 
player S chooses subsequences of the basis instead of block subspaces and player V picks 
vectors from subsequences chosen by player S. In such a case every subsequence of the 
basis would admit ^i-tree (i.e. formed by elements of this subsequence) of order w*. Let 
us observe the following 

Proposition 3.7. Let (e„) be a basis of X such that any subsequence (e„) n6 £ admit an 
£\-tree Tl C {(e n )„gi? : F £ [L] <oc } of order u^, £ < ui\. Then some subsequence of 
(e„) n gN generates an if -spreading model. 

Proof. Assume first that any subsequence (e n ) n< =L of the basis admits an ^i-tree of order 
greater than ui^ + 1. 

Repeating the reasoning and notation from the proof of Prop. 13.41 we can assume that 
there is some subsequence (e n ) n g£ and an hereditary ^i-tree T formed by elements of 
this subsequence such that for any M C Lq the order of Tr H [M] <oc is greater than 

As before by I.Gasparis' dichotomy [14] pick an infinite M C N such that either 

n [Af] <oc C T T or T T n [M]<°° C 5 5 . By the above remark the first case holds. 
Notice that if M = (m«), then for any F £ we have {miji^p £ S^C] [M] <0 ° C Tt, 
which implies that (e„)„ S M generates an ^-spreading model. 

Now notice that if (e n ) admits an ^i-tree of order w', then it also admit an £i-tree of 
order greater than u>£ + 1 (maybe with worse constant). 

It follows by repeating the reasoning in Lemma 5.7 [18] in case of the block ^i-index 
defined not by using all block ^i-trees but only £i-trees consisting of finite subsequences 
of (e„). Therefore we can reduce the case where all subsequences admit £i-trees of order 
ljZ to the case of order greater than ui^ + I, which was treated above and hence we finish 
the proof of the observation. □ 

We end this section with the following observation regarding the non-hereditary in- 
dices. Assuming only h{X) > a;* does not imply I S (X) > 1, as it shown by the following 
example. 

Let X be an £ 2 -direct sum of £^s, i.e. X = (0^ =1 ) v 

It is clear that h(X) > u>, since sup{o(T) : T ^i-tree with constant 1} = u>. 

On the other hand I S (X) = 1. Indeed, consider Si-game with player S choosing tail 
subspaces and let in the first move player S pick a tail subspace {®%L no £i)i 2 - In the 
(i + l)-th move player S chooses tail subspaces after the support of vector Xi picked by 
V in the i-th move, i.e. if in the z-th move player V picks a vector xi £ (©"Li^i )i 2 > then 
in the (i + l)-th move player 5 chooses tail subspace (®^„ i+ i^i )e 2 ■ 

Therefore player S forces the sequence {x\, . . . ,Xk) produced by player V to be 1- 
equivalent to the unit vector basis of l\ , hence there is no universal constant C for which 
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player V has a winning strategy for producing 6>i-admissible block sequences C-equivalent 
to the unit vector basis of suitable finite dimensional i\ . 

4. Definition of the ground set G^ 

In this section we define for any £ < uj\ ground sets G^ and for the auxiliary spaces 
Yg 5 and Xg £ respectively, in particular we introduce the tree of Gj-special functionals, 
defined with the use of special coding function <ri, and related notions. We show that 
the space Yq ( is co-saturated (Prop. I4.7[) . 

We recall that a subset G of coo(N) is said to be a ground set if: 

(1) G is symmetric and {e* : n £ N} is contained in G. 

(2) H^Hoo < 1 and 4>{n) £ Q for £ G. 

(3) G is closed under the restriction of its elements to intervals of N. 
A ground set G induces a norm ||-||g m coo(N) defined by 

||x|| G = sup{0(a;) : (j> £G} and we set X G = (c 00 (N), ||-||g)- 
It is easy to see that the natural basis of coo (N) is a Schauder basis of the space Xq ■ In 
the opposite for every Banach space with a Schauder basis (s ra ) ra eN there exists a ground 
set G such that the natural correspondence e„ — > x n is extended to an isomorphism 
between Xq and X. 

We pass now to define the ground set G^. Fix £ < w\. We choose two strictly 
increasing sequences (rij)j, (rrij)j of positive integers, such that 

(i) n%i = 2 5 and Wj+i = rn^ 

(ii) Ui = 2 6 and n^+i = (2nj) Sj where 2 Sj = . 

Let us observe, for later use, that 260m2 3 < ^2j-i f° r 3 > 2. Set Go = {±e* : n £ N} 




, j e N. 



Finally we set G\ = Uj S nG{. 

Notation 4.1. For every f £ G\ we define the weight of f as w(f) = and the 

index as ind(/) = j. The elements of Gi are called functionals of type I. 

We consider the following set 

U = {(/i, ■ ■■ Jd) ■ h < ■■■ < fd,fi£ G 3 {,ji < ii+i for alii < d £ N}. 
Let N = Mi U Mi where M\,Mi arc infinite disjoint sets. Let also o~\ : U — > be 
a 1 — 1 function (i.e. a coding function) such that o"i(/i, . . . , fi+i) > fi(/i, ■ ■ ■ , fi) for 
every ieN. 

Definition 4.2. j4 special sequence is an element (/i, . . . , fd) of Li satisfying the follow- 
ing: 

1) (minsupp /i)f =1 £ 

2) /leGfjteMi, G (Pf for every i = l,...,d-l. 
We define 

G sp = I E^^Eifi : {fx, . . . ,/d)is a special sequence, G {—1, 1}, E interval ofN > 

For any element = £^ j=I e^/j of G sp we set ind(^) = {ind(/j) : Efc ^ 0, i < d}. We 
define also 

{d d } 

ai4>i :rf£N, Y a i - 1 ' (&)i=l c G ^p u G i' ( ind 0»)i=i pairwise disjoint 
i=l i=l J 
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Definition 4.3. The ground set Gj is defined to be the set 

G^ = Go U G\ U G ap U Ge 2 . 

Remarks 4.4. 1) The set Gj is symmetric and closed under the restriction of its ele- 
ments on intervals o/N. 

2) The injectivity of the coding function o\ yields that the set of the special sequences 
has a tree structure i.e. if (/i, . . . , fd), (<?i . . . , g n ) are two special sequences then either 
fi 7^ gj for all i,j or there exists io < min{<i, n} such that fi = gi for all i < io and 
fi 7^ gj for all i,j > i , in particular w{fi) ^ w(gj) for all i,j > i . 

We shall call every special sequence also a segment of the tree of the special sequences. 
The elements of G sp are called G{ — special functional. 

Notation 4.5. For every segment s = (/i, . . . , fd) of the tree of the special sequences we 
set F(s) = {J2i=i e»/i : e» € {-1, 1}} and for f G F(s) we set ind(/) = ind(s). 
IfV — {si, . . . , Sd} is a set of segments we set 

{d d \ 

\<t>i ■ Yl X i - 1 ' & e F ( Si ) and ind (^) n ind Oj) = <D for alll<i^j <d\ 
»=i »=i J 

It readily follows that V is symmetric. 

We set G^ = G U G 1 U G sp U {0}. 

Lemma 4.6. The set G^ is a closed subset of [0, l] <a) in the pointwise topology. 

Proof. Let (<^> n )neN be a sequence of elements of G^ such that lim„ (fi n = (fi pointwise. It 
is clear that if <fi n G Go for infinitely many n's then (fi G Go U {0}. 

Also if (fi n G Gi for all but finitely many n's, then if {<fi n : n G N}nG{ ^ for infinitely 
many j's then = 0. Otherwise there exists jo such that <fi n G G{° for all but finitely 
many n's. Since A n2jo -\ is regular we get (fi G G{° . 

Finally assume that for all but finitely many n's there exists a segment s n = (/", . . . , f%) 

of the tree of the special sequences such that (fi n — E n J^i=i e "/ 4 ™ € F{s n ) . 

If sup„ min_E„ = +oo, then (fi = 0. Otherwise we can assume that for all but finitely 
many n's we have E n = [k, K), for some k G N and K G N U {+oo}. 

Since the family is regular we get {rrii}f =1 G such that 

mi < A" <m 2 < f£ ■■■ <m d < f2 (and minsupp/J +1 -» oo) 

Let io = min{i < d : there is no n G N such that /" = f™ for all m > n}. By the rea- 
soning above in case (</>„) c Gi we can assume that for any i = 1, . . . , d we have /" — ► /, 
for some fi G Gi U {0}. Also wc may assume that e™ = ej for alH < d and n G N. 

If limsup„ = +oo then /j = 0. Also since o\ is 1 — 1 wc get limsup w{f™ o+ j) = 

+oo and therefore fi +j = for all j = 1, . . . , d — io- 

If w (fZ) = m 2j -i f° r au but finitely many n's, since the set G{° is compact we get 
that /" — > /j G G{°. Again since cti is 1 — 1 we get limsup w(f^ + j) = +oo and therefore 
/*o+j = for all j = 1, . . . , d - i . 

It follows that (/i, . . . , /d) is a special sequence and therefore X^i=i e "/i" ~~ > Si=i £ i/« 
is a G^— special functional. □ 

We define X G( = (c 00 (N), \\-\\ G( ) and F G{ = (c 00 (N), ||-|| G , ). 

Let us observe that since the sets Gj,G^ are symmetric and closed under projections 
on intervals it follows that (e n ) ne jj is a bimonotone basis for the spaces and Yg £ - 

Proposition 4.7. Y"g £ is c -saturated. 
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Proof. The set G^ is countable by the construction and compact by Lemma 14.61 Since 
G^ is norming set of Ya t we conclude that Yg ( is isometric to a subspace of G(G^) and 
hence is co-saturated, see [26] (see also [5] and pQ, Theorem 4.5). □ 

We end this section with the following observations regarding the norming set G^ . 

From the definition of the norming set G^ it follows that for any finite sequence 
(4>i) C GiUG sp with pairwise disjoint index sets and any (tij) G £2 we have CLifiiWhe — 
(J^^af) 1 / 2 . Therefore for any infinite sequence {4>i)i C G\ U G sp with pairwise disjoint 
index sets and any {a,i)i G £2 the series is convergent in norm and 

00 00 

ll£ a «« 5 f=(E a ?) 1/2 - 

i=l i=l 

Notice also that since the set G^ is a norming set for Xc t we obtain that Bx*. — 

conv(G^) . Also it is not hard to show that G^ = G^ U T where 

00 

T = a i<Pi '■ (adieN € B^,4>i G Gi U G sp , ind(^i) n ind(^) = for all i 7^ j}. 

i=l 

We omit the proof since we shall not make use of this result. 

5. Basic properties of the space X Ge 

In this section we shall prove that the space Xo ( has the following properties 

1) It is reflexive. 

2) For every subsequence (e n )„ S M of the basis the subspace ((e„) ne M) has €i-index 
greater than u>*. 

3) Every subspace of X Gi contains £2- 

In order to prove the theorem we shall need the following definition 

Definition 5.1. Let (x n ) n be a bounded block sequence in Xq^ and e > 0. We say that 
(x n ) n is e-separated if for every <fi G G\ = Uj 6 nG{ 

#{n : |0(sn)| > e} < 1. 

In addition, we say that (x n ) n is separated if for every L G [N] and e > there exists an 
M G [L] such that (x n ) n< zM is e-separated. 

Concerning the separated sequences the following holds: 

Proposition 5.2. Let (x„)„ e N be a separated sequence in Xg ( with \\x n \\G ( < 1- Then 
for all 771 G N there is L G [N] such that for all g G G^ 2 

#{ri G L : \g{x n )\ > m" 1 } < 65m 2 . 

The proof of the above results follows the arguments of Lemma 3.12 and Proposition 
3.14 in [3] where we refer for the proofs. 

Lemma 5.3. Let (x n ) ne fn be a bounded block sequence. Setting y n = ^ X)ie_F x i where 
=f^F n = n and F n < F n+ i we get that (y n ) n eN * s separated. 

Proof. Let e > 0, L G [N[ and assume that ||x n ||G, < G for any n. Pick inductively 
sequences (ji), (li) C L such that 

1) eml J ._ 1 > G#rangey ii and 2)eh > Cn 2n _ 1 -i. 

Take now any </> G G\ and k. If j > ji, then by (1) (^(yiJI < e. If j < Ji-i, then by (2) 
also \4>{yh)\ < £■ Therefore #{« : !</>(?//; )| > e} < 1 and hence setting M — we end 
the proof that (y;); S M is e-separated. □ 
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Combining the above lemma with Proposition 15.21 and the choice of (fUj), (rij) we 
obtain the following. 

Proposition 5.4. Let be a bounded block sequence. Assume that y n = \ XieF x *> 

where j^F n — n and F n < F n+ i, satisfy \\y n \\ < 1. Then for any j > 2 there is an infinite 
LcN such that for any g £ G^ 

#{rae£: \g(y n )\ > 2m^ 2 } < n 2j -i 

As corollary of the above proposition we obtain that the basis is shrinking. 

Corollary 5.5. Every bounded block sequence in Xg s is weakly null. 

Proof. Assume that there exist a normalized block sequence (a; rl ) Tl gN, x* £ X G of norm 
one and e > such that x*(x n ) > e for all n. 

Let j £ N , j > 2 such that l/2m|j < e/4. By Proposition 15.41 setting y n — 
#f~~ SieF a; ™i where ^-Fn = n and i 7 ^ < -F„+i for all n £ N, we may assume that 
for all g £ Gj it holds that 

1 " 2i 1 1 

(3) #{n : | ff (y„)| > 2m 2 ~ 2 } < n 2i _! =► \g(— £ y n )| < -^=1 + — g- < — < |. 

n 2j" i=1 «2j ZTO 2j" m 2j Z 

This yieldd a contradiction since G^ is a norming set for Xg, ■ □ 

We prove now the reflexivity of Xq? ■ 
Theorem 5.6. The space Xc i is reflexive. 

Proof. We show that the basis is shrinking and boundedly complete. Corollarv l5 . 51 yields 
that the basis (e n ) n eN is shrinking. We prove that (e n ) n eN is also boundedly complete. 

On the contrary assume that sup ngN ||^"_ 1 dieiHc, < 1 and there exist eo > 0, suc- 
cessive intervals Fi < F 2 < . . . of N such that lEieF a i e i||G 5 > e o- 

For every n choose g n £ G^ such that ffn(X)ieF„ a i e i) ^ e o and range g n C F n . 

We distinguish the following cases 

Case 1. g n £ Go for infinitely many n's. 

Then for j £ N and M > m&xF n2j _ 1 and we get 

M "2j-i A/ en 

II VaaIg 5 > — 2 y] gn(y^a»e») > e °" 2 ^ 1 

1=1 2 J-! n=l i=l 2 J-! 

a contradiction for large j. 

We state the next three cases. 
Case 2. g n £ G\ for all but finitely many n's. 
Case 3. g n £ G sp for all but finitely many n's. 
Case 4- 9n € Gi 2 for all but finitely many n's. 

The proofs of these three cases follow the same argument hence we shall give only the 
proof of Case 4- 

If we have that infinitely many g n 's have pairwise disjoint index sets then for suitable 
iiEN and A £ A n the functional g — X^eA 9i ^ Gt* "vvill give us a contradiction. 

Assume that only finitely many <?„'s have pairwise disjoint index sets. 

Let g n = X^ieD c *^i where (4>i)ieD n have pairwise disjoint index sets. For every j £ N 
we set = 4>\ d + (plj where ind(^) C {1, . . . , j} and mdOfj) C {j + 1, j + 2, . . . }. 

Theng„ = ;/,',, ■ gi _ = T,ieo nA ^Ij+T^ieD^ c i4>i,j- Let us observe that #D nA < j. 

We distinguish the following two subcases. 

Subcase 4o- There exists jo G N such that for all but finitely many n's, 

ISrWE a ^,)| >eo/2. 

j£F„ 
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Since indO^J C {1, . . .,j } it follows that #supp<^ Jo < J2i<j n 2i-i = n o and 



It follows 

eo/2 < | 51 ^Lo(^ aiei )l - E N^SH^KI max|a»|. 

From the above relation as in Case J we derive a contradiction. 
Subcase 4b. For every j, m e N there exists n € N, n > m with 

i6F„ 

Then we choose inductively an increasing sequence (r^i)ieN such that 

l&Lj'i-i( X! a;e ')' - e °/ 2 wnere = max{ind(5„J : k < i - 1}. 

It follows that • (X^eF a i e i)\ — ^ e o/2 and the functionals g^.^.^ have pairwise 
disjoint index sets. 

Setting g — ^= X^eA 5rL.ji_i f° r suitable n and A G .4 n we derive a contradiction. □ 
From Theorem 15.61 and Proposition 14. 71 we obtain the following 
Corollary 5.7. The identity map Id : Xq. — > Yg ( is strictly singular. 

We prove now that every subsequence of the basis generates a subspace with £i-index 
greater that oA 

Proposition 5.8. For every M G [N] the subspace ((e n ) n eM) has £±-index greater than 

Proof. It is not hard to see that for every j G N the following holds 

1 1 n23 ~ 1 
(4) -5— <ll E e *J<3 t < 



Let (/i, . . . , fd) be a special sequence where /, = —r — J2keF e k with #F = n^j^-i and 
F C M. 

For every i < d take the vector Xi = SfceF; e k- It follows that 1 < ||:£i||g 5 < 2 

and 

ii E a ^ii G « - E^E^) = E i aj i- 

i=l i=l i—1 i—1 

Since for every F G we have a special sequence (/i)igF it follows that the subspace 
((e n )„gA/) contains an £i-tree with constant 1 of order w^. It follows that the l\ -index 
of the subspace ((e n ) n£ M) is greater than ufi. □ 

From it follows that for every M G [N] the Co-index of the subspace generated 
by the subsequence (e*)„ e M of the basis of X G is greater than uj^. Indeed, take an 
Gf-special sequence (fi)f-i supported in the set M such that each /j = m~^._ x ^2 keB e* k 
with #B = Wiji-i- From (jl]) we get ||/j|| > 1/2 for all z < d and hence 

d 

1/2<||£±/<||<1. 
»=i 

From the above inequality easily follows that the co-index of ((e*)„ e jvf) is greater than 



We show now the the space Xq, is ^-saturated. 
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Theorem 5.9. For any subspace Y of Xq^ and any e > there is a subspace ofY which 
is (1 + e) isomorphic to 1%. 

The proof of the theorem follows the arguments of Lemma B.13 and Theorem B.14 
from [3] and we omit it. 

6. The space X G( does not have t\ as a spreading model. 

In this section we prove that X G( does not contain a sequence generating an t\- 
spreading model. The basic tool for the proof is Proposition 16 .31 which is a combinatorial 
result. We begin with the following lemmas. 

Lemma 6.1. For any x G coo(N) and e > there is jo = jo(x, e) G N such that for any 
g G Gi 2 with ind((/) n {1, . . . , jo} = % we have \g{x)\ < e 

Proof. Let D = \\x\\e 1 and take jo so that Sj=j +i m 2j-i < ( e /D) 2 - Take now any 
g G G( 2 , g = J2i a i$i with m d(g) H {1, . . . , jo} = and compute 

ifl(*)i < (£« 2 ) 1/2 (£i^)i 2 ) 1/2 ^ (£wi«iM&) 1/a 

i i i 

oo 

< D{ £ m^fl* < e. 

□ 

Lemma 6.2. Let (a; n )neN ^ e a normalized block sequence and e > 0. There exist j\ G N 
and L G [N] swc/i that for every f of type I with ind(/) > ji it holds that \ f{x n )\ > e for 
at most one n G L. 

Proof. We set V\ = {(n,m) : exists / of type I with |/(x„)| > eand \f(x m )\ > e}. 

If there exists L G [N] with [L] 2 D X> = the proof is complete. Otherwise by Ramsey 
theorem there exists L\ such that [Li] 2 G T>. Let l\ = minLi and let ji be such that 
1/(^)1 < e for all / of type I with ind(/) > ji. 

We set 

T> 2 = {(n,m) G [Li] 2 : exists / of type I with ind(/) > ji, \f{x n )\ > eand|/(x m )| > e} 

If there exists L2 G [L\] with [L2] 2 H2?2 = the proof is complete. Otherwise by Ramsey 
theorem there exists L2 such that [L2] 2 C X>2- Let Z2 = minL2 > /1 and let J2 be such 
that |/(a;; 2 )| < e for all / of type I with ind(/) > j 2 . 

If the conclusion does not hold, choosing fco such the e-y/Aio > 1) following the above 
arguments we get L\ D L 2 D ■ ■ ■ D Lk +i such that [Li] 2 C T>i, where 

T>i = {{n,m) G [Li-1] 2 : exists / of type I with ind(/) > jj_i, |/(x n )| > eand|/(ai m )| > e} 

and \f(x minLl )\ < e for all / of type I with ind(/) > ji. 

Setting U = minLi we get (U, lk a +i) G "D\ for every i = 1, . . . , fco and therefore there 
exists fi of type I with ind(/j) G \ji-x,ji) such that \fi(xi kg+1 )\ > e. 

It follows -j= Xh=i e ifi( x k +i) ^ ev^o > 1, a contradiction. □ 

V ™0 

Proposition 6.3. Let < e < 10~ 10 and (:r n ) n6 N be a normalized block basis such that 
for all n\ < n2 < ^3 there exists <f> G G/ 2 such that 

(5) I^OnJI > 1 - e for all 1= 1,2,3. 

Then there exists j\ G N and L G [N] such that for all n G L i/iere exists <p n = 
Y,ieB n Kn<f>i,n with wd(<j>i >n ) C {l...,ji} for all i G B n and J2ieB n tf,n ^ 1 such 
that 

4>n,(%n) > 0.75. 
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Proof. From Lemma \Q. II we get jo £ N such that 

(6) V0 = Eti A *<^ with ind (^) n {!. ■ ■ ->io} = and A? < 1 |c^i)| < e 
Let 5 > such that 5 jo < e. From Lemma 15721 we get M £ [N] and ji S N such that 

(7) for every / of type I with ind(/) > j%, \f(x n )\ > 6 for at most one n £ M . 

Let Mi = {1}UM. After reordering we may assume that Mi = N. 

Let n £ N and for every 1 < fc < n consider the triple (l,k,n) £ [N] 3 . Let 4>k, n — 
EseS c s4>s £ Gi 2 , where <ps £ F(s), be the functional we obtain from ^ for x\,Xk 
and x n . We set 

Jk.n = {s £ Sk, n '■ ind(0 s ) > jo} and Gk, n the complement of Jk- 
From ([6|) we get | J2 s eJ k „ c s4>s(xi)\ < 10~ 10 and therefore 

(8) ( ]T clfl>>\ C ^ s (zi)l>l-2/10 10 . 

sGG fc ,„ sGG fc ,„ 

The disjointness of the index sets of the segments s £ Sk, n yields that #Gk, n < jo for 
every fc. 

By © we get £ seGfc n c 2 s > (1 - 2/10 10 ) 2 and therefore 

(9) ^ c 2 < 1 - (1 - 2/10 10 ) 2 < 4/10 10 || £ ^ s |Ig, < 2/10 5 . 

From (J5]) and J9]) it follows that for r = k,n 

(10) | c s ^(x i .)|>1-10- 10 -2/10 5 >1-3/10 5 . 

seG fc ,„ 

For every s £ Gk, n , if 0s = Siey £ i/s.i let f s ,k,n be its first node with the property 
range(/ Sji ) n range(x„) ^ 0. Set 

G% n = {s £ G k , n : ind(/ s , fc ,„) < ji}, 

G l,n = {s £ G k ,„ ■■ m.d(f St k, n ) > ji and \f a ,k,n(%n)\ < 6}, 

G 2 Kn = {s £ G fc ,„ \ G\ <n : ind(/ s , fc , n ) > ji and |/ a , fe)n (a; fe )| < 5}. 

From it follows that for every s ^ (G° ra U G^ n ) it holds that \f s ,k,n( x k)\ < ^ and 
hence the sets G\ n , i = 0, 1, 2 give a partition of Gfe, n . 
For every 1 < fc < n we set 

if \T, S EG° n C s<l>s( x k)\ >0.75 (**). 

(11) JJ M = | Gi, n if (**) fails "and £ s6G , „ c 2 > E aeG |_ n 4 

I ^fc n otherwise. 

By Ramsey theorem passing to an infinite subset N of N we may assume that there exists 
i £ {0, 1, 2} such that for all 1 < fc < n £ N, Hk, n = G\ n . Without loss of generality we 
may assume that N = N. 

If Hk : n = G® for all fc < n then the proof is complete. Next we show that that the 
cases Hk, n — G\ n or i?fc,„ — G\ n are not possible. 

Claim. Assume that either Hk >n = G\ for all fc < n or Hk. n = G\ for all fc < n. 

Then there exists N £ N such that for all n £ N there exists a family U n of segments 
such that: 

1) #U n < N. 

2) For every 1 < fc < n, s\rp{4>(xk) : 4> £ U n } > S. 
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Let's see first how the conclusion of the claim makes impossible Hk. n — G\ or 
Hk.n = G\ n . 

Let U n = {si,„, . . . , Sd nj n} with d n < N for every n > 1. From 2) we obtain that for 
every 1 < k < n there exist ipk G U n such that 

<t>k{%k) > s. 

By the compactness of the set G'^ passing to an infinite subset of N we get that there 
exist finite segments si, . . . ,sjv such that w* — lim,^^ s;.„ = Sj for every i < N. 

Let k £ N such that supp(a;/ c ) > maxjmaxsupp Sj : i < N}. Then since w* — 
limn^oo Si >n = Si we obtain that there exists no > k such that supps^ no n supp(.Tfc) = 
for all i < N, a contradiction. 

We proceed now to the proof of the Claim. 

Assume that Hk, n ^ G° kn . It follows that | J2 s£G a c s <f) s (xk)\ < 0.75 and from (fTU| 
we get 

(12) | E c s (j) s {x k )\ > 1 - 3/10 5 - 0.75 = 0.25 - 3/10 5 . 

seG k , n \G° „ 

As in ©-© we get that 

(13) 2 E c "> E c^> (0.25 - 3/10 5 ) 2 ^ E 4 > 0.031. 

From (USD we obtain £ seGfc ,„y/ fc ,„ < 0.97 =► II E. 6 c», n \H», B c .*.Uc« < 0.985 and 
therefore for I — k,n the following holds: 

(14) i e c ^M\>\ E °'M x i)\ - 1 E c^ooi 

> 1 - 3/10 5 - 0.985 = 0.0149. 

Assume now that Ht, n = G[, n for all k < n. 

For every s G we set s = S|[i, ma x S up P (/ s , fc ,„)]- 

Using finite induction we define sets L^n C U^, n C ■ • • C U n -i. n as follows: 
Set Ua.n = {s : s G „}. Let fc = 3, . . . , n — 1 and assume that the set Uk-i,n has 
been defined. 

If there exists <f> — J2i c i ( t ) i e Uk~i, n , see Notation 14.51 with > 8 we set 

L^fe,n = Uk-l,n- 

Assume that 

(15) for all 4> = J2i c i$i e Uk-\,n it holds that |<^(£fc)| < 8. 
For the functional 4>k, n — J^seG 1 Cs< l )s we se * 

E k ,n = {s G G{ >n : s G U k - hn }. 

Notice that the segments s, s G G\ \ are different from the segments in Uk-i. n 

and therefore the functionals <p s = </>s|( m axsupp(/ s>fii „),+oo)? s G Gl n \ E k>n , have disjoint 
index sets from the functionals in Uk~i, n - 
From (fT5|) we get 

(16) | E c s (f>s{x k )\ = \ E c s (j) s {x k )\ < 8. 
Combining the above inequality with (|10|) we get 

(17) ( E c D 1/2 >\ E c^ s (^)|>1-3/10 5 -<5>1-4/10 5 . 

sEG K „\E h , n s<£G k , n \E k , n 
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while from (fT4"|) 

(18) | CsM x k)\ > 0.0149- 8 > 0.0148. 

8 e<3»,»\ E *,» 

From (fT7|) following the arguments we used to get ((9]) it follows 

(19) cl) 1 / 2 < (l-(l-4/10 5 ) 2 ) 1/2 < 0.009. 

se.E fc ,„ 

From the definition of the set using that |/s,fc, n (a; n )| < S, and (|19|) we obtain 

| ^ c s ^l(x n )\ > | c s s (a;„)|- ^ |c s / s ,fc, n (a;„)| - | ^ c s (j> s (x n )\ 

> 0.0149 - jo* - 0.009 > 0.005. 

Set U k . n = U k -x, n U{s:s£ G\ n \ E k>n }. 

Note that in this case \ f7fc-i, n ) < Jo an d from (|T8|) we obtain that for the 

functional 4>k — J^seG 1 \E k c *0« € Uk, n it holds that 4>k(xk) > 0.0148. 

Let U n —x,n be the set of the segments we get after we complete the above procedure 
for k = 2, . . . , n — 1. 

We show now that there is no n with #C/„_i iTl > jo(2 + l/*o)> *o = 0.005. 

Indeed assume that there exists n such that #U n -i, n > jo(2 + l/6 2 ). Since #C/2,n < Jo 
and #(Uk, n \ Uk-i, n ) < jo it follows that Uk-i, n ^ C4,n holds for at least i = 1 + 1/S 2 
different fc's. For every such k we get a functional 4>\ — JDsgg 1 \E k c s4 }1 s such that 
4>\(x n ) > Sq and the functionals 4>\ have pairwise disjoint index sets. It follows that 

■^J2^( x n) > VtSo > 1, 

a contradiction. 

Case 2. Hk,n = G\ n for every 1 < k < n. 

For every s € G\ n we set s = S|[i, minS upp/ s , fci „)- 

Using finite induction we define sets Ui. n C U?,,n C ■ • • C U n -i, n as follows: 
Set U2, n = {s ■ s £ G\ n }. Let k = 3, .. . ,n — 1 and assume that Uk-i, n has been 
defined. 

If there exists </> € Uk-i, n such that |0(a;fc)| > S we set = Uk-i. n - 
Assume that 

(20) for all <fi = J^i c i0» ind f/fc— i,n it holds that ^(a^)! < S. 
Set 

Ek,n = {s G G\ m : s e U k -l, n }- 

We get that the segments s,s e G 2 n \ Ek, n are different from the segments in Uk-i, n 
and therefore the functionals 4> 2 S = ^ s |[minsupp/ s k „,+<») have disjoint index set from the 
functionals in Uk~\, n - 

As in the previous case, see (|T7| . ([T^|) . we obtain that {YIsee n c 2 ) 1 / 2 < 0.009. 

From (dU and ([20]) we obtain 

(21) 

| ^ c s cj>s{x k )\ > I 2^ c s (^ s (arfc)| - I ^2 Csf s ,k,n{xk)\ - \ ^ C'fefck)] 

seG 2 kn \E k]n s6G=„ seG 2 tn sEBfe.n 

= 0.0149 - j * - * > 0.0148 
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Also we get 

| ^2 C s <j) 2 s {x n )\>\ ^ C s (j) s {x n )\-\ ^ Cs0s(Xn)\ 

> 0.0149- 0.009 > 0.005 

We set U k , n = f/ fe _i )n U{s : s £ G 2 kn \E kyn }. Note that in this case #(C4,„ \ t//c-i,«) < jo 
and from (f2T|) we get that for the functional <fi k = X^sgg 2 \e h c s4 ) s € U k . n ) it holds 

that <t>k(xk) > 0.0148. 

Let U n -i, n be the set of the segments we obtain after we complete the above procedure. 
Assuming that there exists n such that #U n -\ >n > jo (2 + 1/S 2 ) as in the case where 
Hk, n — G\ n we get a contradiction. □ 

Theorem 6.4. The space Xq 6 does not contain a normalized sequence generating an 
i\-spreading model. 

In the proof of the theorem we shall use the following well known fact. 

Fact 6.5. Let X he a Banach space and {x n ) n be a normalized sequence generating an 
i\-spreading model with constant c. Then for every e > there there exists a normalized 
sequence (y n )nefi generating an l\-spreading model with constant (1 — e) _1 . In particular 
{yn)n can be chosen such that each y n is a normalized convex combination of (x n )neN- 

Proof of Theorem \6.4\ Let (x n ) n ^ be a sequence which generates an ^-spreading model 
with constant c. Since the space Xc ( does not contain i\ by standard arguments passing 
to a subsequence and taking the differences we may assume that (xn)neN is a block 
sequence and generates a spreading model with constant (1 — e) _1 , e < 10~ 10 . 

By proposition 16.31 we get that there exist j\ £ N and L 6 [N] such that for all n € L 
there exists <p n S Ge 2 with index set contained in {1, . . . such that 4> n (x n ) > 0.75. 

It follows that for every n £ L and every <fi £ Gi 2 with ind(</>) C {ji + 1, . . . , } it holds 
that \<j>(x n )\ < 0.75. 

Indeed if there exists such <f> with |0(:c„)| > 0.75 then the functionals <j) and <j) n have 

disjoint index sets and hence tfj — — ~/=~ <= K- It follows that tp(x n ) > °- 75 +g- 75 > i 5 a 

V z 

contradiction. 

Let no £ N with no > rij 1 . Let x = — X U with no < h < ■ ■ ■ < l na € L. 
Since (x n ) ne ^ is assumed to generate an ^-spreading model with constant (1 — e) _1 it 
follows that ||x||g* > 1 — e. Let cf> £ K be & functional which norms x. It readily follows 

that <f) = X«=i ^i4>i e Ge 2 . 

For every i let be the part of fa with the index set contained in {1, . . . , ji} and faf 
be the part with index set contained in {ji + 1, j\ + 2, . . . }. Let ^ = J2j=i ^i4"i an d 

<fe = Ei=l ■ 

By the above note we get that ^2(2^) < 0.75 for all i and hence fa>{x) < 0.75. 
Also for every / of type I with ind(J) < j x it follows that \f(x)\ < #su „ p p p(/) < to(/) -1 . 
Hence 

d oo 

l^(*)l<E E m^<E^< o-i- 

i=l fceind(0!) fc=l 

Therefore |0(x)| < |</>i(x)| + 1 02 fa) I < 0.85, a contradiction. □ 

7. The space X^ as an extension of the space X Gi 

In this section we define the space X^ by its norming set K$. We introduce the key 
ingredient for the definition of - attractor sequences (Def. 17. ip , and the basic tool in 
estimating the norm in X^ - a tree-analysis of a functional from K$ (Def. 17. 3[) . 
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Let (Aj)igN be a partition of N into pairwise disjoint infinite sets. Let Q s denote the 
set of all finite sequences (/i, . . . , fa) such that for all i, fi G c o(N), ft ^ 0, /,(n) G Q 
for all n G N and /i < / 2 < • • • < /<*. 

We fix a partition iVi, of N. Let a : Q s — > A 2 be an injective function such that 

m 2a(/i,...,/ d ) > maxll/^e^r 1 : ' € supp/j,i < rf}maxsupp/ d . 

Such an injective function exists since the set Q s is countable. 

Let be the minimal subset of coo(N) satisfying the following conditions 

(1) is symmetric i.e. if / G then — / G K^, is closed under the restriction 
of its elements to intervals of N and C K%. 

(2) is closed under (A n2j , m 2 ^ 1 )-operations. 

(3) K{: is closed under (A n2j _ 1 , ?ri 2j 1 _ 1 )-operations on attractor sequences. 

(4) is closed under the operation ^2 ieA Kfi whenever 

(a) fi is the result of an {A n .. , m^ 1 )-operation and nj i ^ nj k for every i =/= k A 

(b) (\i)ieA G Bi 2 n [Q] <oc . * 

(5) AT^ is rationally convex. 

In order to complete the definition of the set we have to define the attractor sequences. 

Definition 7.1. A finite sequence (/i, . . . , fd) is said to be a n 2 j-i -attractor sequence 
provided that 

(1) (/i, ...,f d )e Q s and f l G K$ for all i = 1, . . . , d < n 2 j-i- 

(2) The functional f\ is the result of an (A, l2ji , m^) operation on a family of func- 
tional of for some j\ G N\ with m,2j 1 > n 2j-i ■ Also for every i = 2, . . . , n 2 j-\/2, 
foi-i is the result of an (A n2cjUl f2 . 2 )i m 2a(j 1 / 2 2 )) °P era ^ on 071 a family 
of functionals of . 

(3) hi = e* X2 . for some X 2i G K(h,-,hi-i)- 

We say that / G is of type I if it is a result of some (A nj , m J ) operation. In this 
case we set w(f) = mj and ind(/) = j. 

We say that / G is of type II if / = J27=i ^*/» ^ or some (/»)?= l c w i tn 
Mji) + w(fj) for alH ? j and £? =1 >H < 1- 

We say that / is of type III if it is a rational combination of elements of K^. 

Remarks 7.2. a) Using the partition ofN — U^A^ it follows that the set of the attractor 
sequences has a tree structure i.e. if , are ^ wo attractor sequences either 

9i fr for every i,r or there exists io < min{n2j-i, ^2fe-i} such that fi = gi for all 
i < io — 1 and fi 7^ g r for all i,r > io- In particular w(hi-i) w (.92r-i) for all 
2i — 1, 2r — 1 > io and hi 7^ 9ir for all 2i, 2r > i$. 

b) Note that in the definition of the norming set when we take functionals Y^i=\ ^*/» 
with Y^Ji=i Af < 1 we require w(fi) ^ w(fj) but do not require supp(/j) fl supp(/j) = 0. 
This is will be essential in order to get that no sequence generates an l\ -spreading model. 

Definition 7.3. [The tree Tf of a functional f G K^] Let f G K%. By a tree of f we 
mean a finite family Tf — (f a )aeA indexed by a finite tree A with a unique root G A 
such that the following holds 

(1) fo = f and f a G for all a € A. 

(2) An a G A is maximal if and only if / a e Q. 

(3) For every aei not maximal, denoting by S a the set of the immediate successors 
of a one of the following holds 

(a) There exists j G N such that #S a < rij and f a is the result of the (A nj , m J 1 )~ 
operation in the set {fp : (3 G S a }. In this case we say that the weight of f 
is w(f a ) = mj. 
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(b) f a — X)/3es ^pfp where X^es *p — ^ e Junctionals fp are of type I and 
have different weights. 

(c) /« is a rational convex combination of the elements fp, [3 £ S a . Moreover 
for every /3 £ S a range fp C range f a 

The order o(/ a ) for each a £ A is also defined by backward induction as follows. 
If f a £ G{ then o(f a ) = 1, otherwise o(f a ) = 1 + max{o(/ / 3) : /3 £ S a }. 
The order o(7/) of the aforementioned tree is defined to be equal to o(/o). 

Definition 7.4. The order o(f) of an f £ K^, is defined as 

o(f) = min{o(Xy) :Tf is a tree of /}. 

Every functional / £ admits a tree analysis not necessarily unique. 



Definition 7.5. We define X^ = (coo(N), and we denote the norm \\-\\kc by \\- \\. 

Definition 7.6. Let k £ N. A vector x £ coo(N) is said to be a C — i\ average if there 
exists x\ < . . . < Xk, \\xi\\ < C\\x\\ and x = k Yli=i x i- Moreover, if \\x\\ = 1 then x is 
called a normalized C — i\ average. 

Lemma 7.7 ( [37], (or [IB], Lemma 4)). Let j>\,xbeaC~ t™ 1 average. Then for 
every n < rij-i and every E\ < . . . < E n , we have that 

x>^n<c(i+^)<!c. 

i=l J 

Proposition 7.8. For every block sequence (ye)e C X^, e > and every k > m,2 there 
exists x £ ((ye)i) which is a normalized 2 — l\ average. 

In particular for every k £ N there exists n £ N such that for every finite block 
subsequence (ye^f—i of (ye)i there exists a normalized block sequence of (ye^f—i 

such that \\zi + • • • + Zk\\ > k/2. 

Lemma 11.22 [7J give us the existence of such average. 

Proposition 7.9. X^ is a strictly singular extension of Xg ( , i.e. the identity map 
Xg 6 — + Xj= is strictly singular. 

Proof. Let Y be a block subspace of X^ and j £ N. By the Proposition [78] we obtain a 
sequence (y n )neN C Y of normalized i\ n averages and by Proposition 15.41 for any fixed 
j > 1 we get L £ [N] such that for every g £ 

{n £ L : \g(y„)\ > m^ 2 } < n 2 j-i- 

It follows that 

II >.ttG ( < — — + — < — 

while || Y^i=i Ui\\ ^ m^' Since 3 was arbitrarily chosen we have a strictly singular 
extension. □ 

8. The auxiliary space 

Now we define for any j > 1 the auxiliary space Xw jo and discuss construction and 
relation between its norming sets: Wj and Wj Q . Next in Subsection 18 . II we estimate the 
supremum norm of any norming functional from Wj (Lemma I8.2j) and its action on a 
suitable average of (e„)„ of length rij (Lemma l8.10|) . 

Let jo > 1 be fixed. We set C J0 = {J2 ieF ±e* : F £ A njQ _ 1 }. Let Wj be the minimal 
subset of coo(N) satisfying the following conditions 
1) Wj contains the set Cj . 
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2) Wj g is closed under (A2 nj , mj )-operations for every j £ N. 

3) Wj is closed under the operation J2ieA ^i/i + T^ieB ^i e ti whenever A n B = 0, 
ti 7^ tj for all i =/= j £ B , fi is the result of an (A2 nj . , mj i )-operation, 7^ mj k 
for all i 7^ k £ A and X^gAuB Af <1. 

4) Wj is rationally convex. 



The auxiliary space is the space Xy/ jo — (coo^), IH|w 3 - )- 

For every functional / £ Wj which is the result of an (A2n 3 ■ , to~ ^-operation we set 
w if) — m j an d we say that / is of type I. Every functional of the form ^2 ieA \%fi + 
X/ies ^i e ni € Wj is called of type II. Every functional which is a convex combination 
of elements of Wj is called of type III. 

Consider the minimal set Wj which satisfies Properties l)-3) in the definition of 
Wj . Then following the arguments of Lemma 3.15 [5], every / £ Wj of type I with 
w(f) = mj can be written as a convex combination J^. A,/j of functionals from the set 
Wj with w(fi) = rrij for every i. Hence in order to get an upper estimate for functionals 
of type I from the set Wj it is enough to get an upper estimate for the functionals from 
the set W' jo . 

An alternative definition of the norming set Wj is the following: 
Set Wo = Cj and assume that W n -i has been defined. 
We set 

d 

W n = {JimJ 1 ^2 f* : (/*)f=i is -admissible subset of W n -i} 

j i=l 

and 

W n = iY, X ^ + J2 X ^ : ^ 1 ' ** ^ *i for aU * ^ 3 G B, A n -B = 0, 

/i € Hn-i is of type I for alH G A with 7^ w(fj) for all i ^ j £ A}. 

We set W n = U Then Wj = U n W n . 

Every / £ Wj o admits a tree analysis (/ a )aer satisfying properties similar to Defini- 
tion 

Remarks 8.1. Let f £ Wj and (f a ) a eT be a tree analysis of f . 

a) If a is a terminal node then f a £ Cj . In particular if a £ Sp and fp is of type II 
then f a — ±e* k for some k. 

b) If a, (3 are different maximal nodes it is not necessary true that supp(/ Q )nsupp(/ / 3) = 

0. 

c) A consequence of b) is that it does not hold that \\f\\oo < 1 for every f £ Wj Q . 
We show in Lemma \8.<H that there is a constant c± > 1 such that ||/||oo < C\ for every 



8.1. Estimates on the auxiliary space. Set cq = Y^JLi m j 2 an d c i = (S^Lo c o) 1 
Lemma 8.2. For every f £ WL it holds that |/(e t )| < 



«(/) 

c\ if f is of type II. 



Proof. We prove by induction that for every / £ W n the following holds: 

(22) \f(et)\<u f (l + c a + --- + c-) 1 / 2 

where Uf = w(f)^ 1 if / is of type / and Uf = 1 otherwise. 

Assume that for every / £ W n -i it holds that |/(e t )| < + c + h c^ 1 ) 1 / 2 

which is certainly true for n — 1. 
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If / = w(f)~ 1 J2i=i fi G then there exists unique i < d such that t 6 supp(/j). It 
follows from the inductive hypothesis that 

|/(e t )l < < ^) (1 + co + --- + cr 1 ) 1 ' 2 . 

If / = J2i<=A ^ifi + ^2i<=B ^ i6 i e W% then either t ^ B or there exists unique i t & B such 
that &t = &; t . Assume that the latter holds. Setting A t — {i £ A : t S supp/^} from the 
inductive hypothesis and Holder inequality we get 

|/(e t )l < E \^f^t)\ + \K I < (1 + E w (/0" 2 (l + co + --- + Co"" 1 )) 1 / 2 
ieA t ieA t 

< (1 + (1 + Co + • • • + Co 1 " 1 ) E m J 2 ) 1/2 = (1 + co + ■ ■ • + c l ) 1/2 . 

j 

This proves (|2"2"|) and completes the proof of the lemma. □ 
Recall that in the definition of the space we have chosen rij = (2rij^i) Sj - 1 where 

Lemma 8.3. Let f G Wj such that |/(e t )| > for every t S supp(/). Then 



#su PP (/) < (2n J - _i)^o- 1 



-2 



This lemma is the key ingredient of our evaluations in the auxiliary space. Its proof is 
given in four steps. As usually we shall consider the tree analysis (f a ) a eT of a functional 
/ in Wj . In the first two steps we shall show that we may assume that the height of the 
tree is less or equal to Sj„-i — 3, and for all functionals f a of type I in a tree analysis of 
/ it holds that w(f a ) < rrij . This will enable us to use an argument similar to Lemma 
A4 in [3] and get the result. 

Proof. Let (f a )aeT be a tree analysis of the functional /. For every t £ supp(/) we set 
D\ = {a G T : a is a minimal node with f a of type I and w{f a ) > rrij }. 

Let us observe that the set D\ consists of incomparable nodes. We set 

Mi = {7 € T : 7 is a maximal node and there exists a € D\ with a -< 7} 

and also 

M2 = {7 S T : 7 is a maximal node and 7 Mi}- 
The definition of M2 yields that for every 7 S M2 and every 0^7 with f a of type I, 
w(f a ) < m jo . 

We denote by f\ the functional that we get following backwards the tree analysis of / 
with maximal nodes the nodes of M\ and fi the corresponding one with maximal nodes 
those of M 2 . Observe that / = f\ + f% . 

We also set T\ = {/3 : there exists a 6 D\ with (3 -< a} which is a complete subtree of 
the tree T and (<? a ) Q eTi the tree analysis of the functional f\. Let us observe that every 
maximal node a of Ti belongs to the set D\ and g a = fa- 

Sublemma 8.4. For the functional f\, its tree analysis {g a )aeT 1 and t G N the following 
hold: 

(1) for every a S D\ we have \g a (et)\ < 

(2) for every non-maximal node a G Ti for which g a is of type I we have 

9ci 



\g a (e t )\ < 



8w(g a ] 



in 



.hi 



(3) For all a G 7i non-maximal with g a = X)/3gs ^p9p °f tyP e H we have 
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Proof. (1) follows from Lemma [8721 and the definition of the set Mi. 

(2) and (3) are proved inductively. Let a £ T\ and assume the result for all a -< (3. 
If g a = w(g a )~ 1 X)/3eS Q ^ 1S c ^ e&T that (2) holds. 

We pass now to prove (3). Assume that g a = Y^p & s a ^09/3- Then \g a (e t )\ = \ J2peS a ^P9p{ 
If [3 € S a is not maximal then gp is of type I and the inductive assumptions yields 

(23) \gp(e t )\ < — ^ . 

Let (3 £ S a be a maximal node, namely (3 £ D±. From the definition of the set Mi it 
follows that gp is of type / and w{gp) = mj +k for some k > 0. Lemma 18.21 yields 

(24) |^(e t )| < -^(< if * > 0). 

We also observe that there exists at most one (3 £ S a with w(gp) = m J0 . Without loss 
of generality we assume that there does exist (3$ £ S a with w(gp a ) = rrij . 
Set = {(3 £ S a : gp of type I with w(gp) < m jo }, 

S a = {(3 £ S a : gp of type I with w(gp) > rrij } U {(3 £ S a : (3 is maximal}. 

It follows from (|2"3"|) . (J2U) and the fact that w(gp) ^ w{g 1 ) for every /? 7^ 7 € S^, that 

|5a(e*)| < ^ |A/3S/3(e t )| + |A /3o S/3o( e t)l + \ X P9f3(et)\ 
pes* 0&si 

< A /3 5/3o( e t) + >. 7 — r+ >. —7 — 7 

, / m 2ci 1 c i 4ci 9ci 

< 5/3o e t + £ — + "ITT < — + — < 5-^- 

□ 

Remark 8.5. Let (f a ) a <ET be a tree analysis of f\ such that for all f a of type I it holds 
that w(f a ) ^ Tn,j . The proof of the above sublemma yields that in this case |/i(ej)| < 

get 
1- ■ 



8 m 

JU 

Let us observe that, since f = fi + fa, the previous sublemma yields that supp(/2) = 
supp(/). So we may assume that / = / 2 . Let (f a )aeT be the tree analysis of / with all 
maximal nodes belonging to M2. For [3 £ T we denote by 

\[3\ = #{a £ T : a < (3} 

the order of [3. 

We set dj — Sj- -i — 3 and we observe that cil~ dj o < mj 2 . We also set 

D = {a : a is a maximal node of T with|a| < dj and if a £ Sp, 

fp is of type II then |A a | > mj^}. 

With the next two sublemmas we show that supp(/) = U ae zj supp(/ a ). 

Sublemma 8.6. Let t £ supp(/) be such that there is no maximal node (3 with \(3\ < dj 
and t £ supp(fp). Then it holds |/(e t )| < c 1 2~ d ia . 

Proof. Let t £ supp(/). By induction we shall show the following: for every 7 £ T such 
that I7I = dj — j, j = 0, 1, . . . , dj a we have that 

(25) |/ 7 (e t )| < Cl 2-% 7 , 

where u 7 = rn~_i if / 7 is of type I and w(/ 7 ) = m r , (we make the convention that 
m = 2~ 2 ), Uj = 1 if fj is of type II. 

First we observe that Lemma 15721 yields |/^(et)| < c\ for every maximal node [3 £ T. 
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Assume that the result holds for all 5 >- 7 with \S\ = dj — (j — 1) and | — ^ | = dj — j. 
If / 7 = m^ 1 ^5e5 7 /<5 i s 01 type I then since there exists unique S <G 5 7 with t e 
supp/5, from the inductive hypothesis we obtain 



If / 7 = X^es ^ s f s ^ s °^ type H then each f$ is of type I. This follows from our assumption 
that every <5 with |<5| < dj is not a maximal node of the tree T. 
Hence setting A t = {5 : t € supp/,5} we get 



|/ 7 (e t )l< E IW 5 (e t )l<E^ 



ci £1 



SeA t 1 



□ 



By the above sublemma we may assume 

supp(/) = U{supp(/ Q ) : a maximal node with \a\ < dj }. 

Sublemma 8.7. Let t e supp(J) be such that for every maximal node a e T with 
t e supp(/ Q ) 7 we have \a\ < dj and a e Sp with fp is of type II and \\ a \ < mj\ Then 

3 



l/(e t )l < 



2m jo 



Proof. We prove by induction on j = 0, . . . , dj that if I7I — dj — j then 
\Met)\ < 



3/2mj , if / 7 is of type II 

l/2 2 mj m r —i if / 7 is of type I and w(fy) = m r 



For the predecessors of maximal nodes we have it by assumption. If / 7 is of type I, then 
only one of its successors have e t in its support and by the inductive hypothesis 

3 1 

\f~i( e t)\ < 2m,j m r ~ 2 2 mj m r -i 

If / 7 is of type II and |/ 7 | = d jo - j, let / 7 = E/3es T W/3- Set A t = {(3 £ S 7 : t £ 
supp(fp)}. There exists at most one fp = e* t and all other fp are of type I with different 
weights. The inductive hypothesis and Holder inequality yield 

^ (et) ^ £ 1 +|A ^ |e * (et)< 2r^ + ^^2^- 

p£A t ,P^p "ho' n 0-l A "ha "ha z >'ho 

and the induction is finished. □ 

The above sublemmas for the tree analysis (f a ) a eT of / with all maximal nodes 
belonging to M 2 yields that 

supp(/) = U{supp(/ a ) : a is a maximal node of T with \a\ < dj and 
(26) if a e Sp, fp is of type II then |A Q | > w" 1 } 

Sublemma 8.8. Let f G W- o with an tree analysis (f a ) a eT such that 

1) the height ofT is less or equal to dj 07 

2) if fa is of type I then w(f a ) < mj holds, 

3) if a is a maximal node, a G Sp, fp is of type II then \X a \ > mj . 
Then 



#supp(/)< (2n 



'jo-l, 



+ 1 
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Proof. Inductively we show that for every a with \a\ — dj — j, j = 0, 1, . . . , dj holds 
the following 

(27) #sup P (/ Q ) < (2n io _i)' +1 . 

If f a is a terminal node it is clear that (|2~7|) holds. 

Assume that the result holds for all a of order dj , . . . , dj — (j — 1) and let \a\ — dj —j. 

If f a = w(fa)- 1 J2pes a fP is OI tyP e J > tnen we S et w Cfa) < m.j Q -i and hence #S Q < 
2rij a _i. Using the inductive hypothesis we obtain 

#supp(/ a ) < 2n jW max{#supp(/ /3 ) : (3 € S a } < (2rij _i) i+1 . 
If / Q = X^^eS ^pfpt setting 5^ = {/? € S Q : /3 maximal} from assumption 3) we get 
I A/3 1 > m^ 1 for all /3 G and therefore #S a < m| . 

Note also that for every /? 6 S a \S a it holds that w{fp) < mj and hence #(5 a \5^) < 
jo — 1- Hence bys the inductive hypothesis we get 

#supp(/ a ) < (jo - 1) max{#supp(/ /3 ) : (3 e S a \ S a } + m 2 jo 
< (jo - l)(2n jW y + m 2 j0 < (2n jo - 1 ) 3+1 . 

□ 

Proof of Lemma \8.3\ completed. The desired inequality follows from (|26[) and Sublcmma 

EB □ 

Remark 8.9. Take f G Wj Q suc/i that for every t € supp(/), |/(et)| > 3to~ 2 and every 
f a in the tree analysis (/ Q ) a gr o// satisfies w(f a ) ^ rn,j . Then Remark \8.5\. Sublemma 
and \8.8\ yields that #supp(f) < (2n JO _i) s Jo-i^ 2 . 



Lemma 8.10. Let f e W' jo be of type I. Then 

(28) \f(—Y. e <)\<\ WymJ0 t ' 

If moreover we assume that there exists a tree analysis (f a )aeT of f , such that w(f a ) ^ 
rrij for every a S T , we have that 



(29) | /( £ efei) |< 



1 m I m m'i w (f) =m l <m 



TO 



Jo 



^7 «/«>(/) = m i > TO 



./() 



Proof. If w(/) > m JO Lemma fH~51 yields the result. 
Let / = w(/) _1 £) i=1 /i with w(f) < m J0 . We set 

A\ = {t : t S supp(/i) for some i < d and fi(et) < Sm" 1 }. 

It readily follows that 

(30) |/(e t )| < -r^ for every te4 

We set i?i = supp(/i) \ A\. Lemma 15731 yields that 

#supp(B l ) < (2n j0 . 1 ) s ^- 2 . 
It follows that #{i : t £ A x ] < 2rij -i(2n jo -i) s n- 1 ~ 2 = (2n J0 ^ 1 ) s K,-^- 1 an d therefore 

t£A x 30 30 

From (f30|) and ([3Tj) we get the result. 

For the proof of (|29|) we consider the set 

A\ = {t : t e supp(/j) for some i < d and /j(t) < 3m~ 2 }. 
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and using Remark l8.9l we obtain again the relation (|3lj) for the new set A\. □ 



9. The Basic Inequality and its consequences 

In this section we introduce the notion of rapidly increasing sequences (RIS) and prove 
the Basic Inequality (Prop. 19. 3|) . which by results from the previous section provides 
estimation on the norm of suitable averages of RIS (Prop. 19. 4ft . In particular we obtain 
reflexivity of X^. 

Definition 9.1. Let e > 0. A block sequence (xk) in X% is said to be a (C, e) -rapidly 
increasing sequence (RIS), if there exists a strictly increasing sequence (jk) of positive 
integers such that 

a ) ll^fcll 5= 1 f or a M k- 

b) rn 2 ^ 2 < e and #(r&nge(xk))m 2 ^ i < e for all k > 1 

c) For every fc = 1,2,... and every f £ of type I with w{f) < m,2j k we have that 

1/(^)1 <^fy 

Remark 9.2. From Proposition |7.ff| and Lemma \ 7. 7| we get that for every e > any 
block subspace contains a (3,e)-RIS (xk)k where Xk is a normalized 2 — £ 1 3k average with 
(2jfe)fe satisfying condition b) of the above definition. 

Proposition 9.3 (Basic Inequality). Let e > 0, 1 < jo £ N, (xk)kefi be a (C,e)- 
RIS in with the associated sequence {jk)k- Assume that for every g £ G^ the set 
I g = {k : \g(xk)\ > e} has cardinality at most % -i- 

Let (ck)k be a sequence of scalars. Then for every f £ iQ and every interval I there 
exists a functional g £ Wj such that 

(32) \fC£ckX k )\<C(gC£\ck\e k ) + e f J2\ c k\), < * 

kei kei kei 

Moreover, if f is the result of an {An ji m J )~ operation then g = e* orO org is the result 
of an {A2n j ,rn~ 1 ) operation and e/ < ™(/) -1 ' 2 . 

// we additionally assume that for every f £ with w(f) = rrij a , for every interval 
J it holds that 

(33) \f(^2c k x k )\ < C(max|c fc /(a; fe )| + em7 o 1/2 ^ |c fe |), 

fee. J ' keJ 

then we may select the functional g to have a tree analysis (g a )a with w(g a ) ^ m JO for 
all a £ A. 

Proof. We shall treat the case that there exists jo satisfying (|3"3"|) . We also assume that 
range(xfc) n range(/) ^ for every kei. We proceed by induction of the order o(f) of 
the functional /. 

Let o(f) = 1. Then we have that / £ G^ and from the assumptions the set Rf = {k £ 
I : \f{xk)\ > e} has cardinality at most 7ij _i. We set gf = YlkeRt e k an< ^ e / = e - ^ 
readily follows 

\fC^c k x k )\ < 9f(^2 \ c k\ek) + £f^\c k \- 
kei kei kei 

Suppose now that the result holds for every functional in with order less than q and 
consider / £ K% with o(f) = q. 

We consider the following three cases. 
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Case 1. f is of type I and w(f) = rrij . We choose kg 6 I with \ck f(xk )\ = 
maxfcg/ \ckf(xk)\ and we set gj = \f{x k(! )\e* k ■ Then from our assumption (|3"3"|) it follows 

|/(E CfeXfc )l - G ( maxIcfe/^A;)! + e^, 1/2 E ' Cfc l ) 
fee/ V G fee/ / 

<cU(E|cfe|e fc ) + 6m7 o 1/2 Ekfe|). 
V fee/ fee/ / 

Case 2. f is of type I and w(f) 7^ rrij . 

Then / = mj 1 Y]j—i fj with j 7^ j'q and <i < nj. We consider the following three 
subcases. 

Subcase 2a. w(f) < rri2j h for all k € I. 
For every i < d we set 

h = {k S J : range(a;fc) n range(/i) 7^ and range(xfc) H range(/V) = for all i' 7M}. 

We also set Jo = {fc e J : range(xfc) fl range(/i) 7^ for at least two i € {1, . . . , d}}. We 
observe that # Jo < d. Condition c) in the definition of the RIS yields 

(34) \f{x k )\ < for every k e h ■ 

For every i < d we have that Ji is a subinterval of J, hence our inductive assumption 
yields that there exists S Wj with supp((?/ i ) C Ji such that 

(35) \fi(J2 c k x k )\ < C(g fi (J2 kfekfe) + £/, £ kfcl). 

fce/i fee/* fee/i 

The family {Ji, . . . , Id} U {{fc} : fc G Jo} consists of pairwise disjoint intervals and has 
cardinality less than or equal to 2d < 2rij. We set 

1 d 

VJ ' i=l fee/n 

Then <?/ G Wj- , suppg/ C J, while from (|34|) . (l35|) we obtain 



i/(E c ^)i< E kii/(^)i + 47TE^(5/,(E^i^) + e E 

fee/ fce/ W U J i=1 \ k£l . keI . 

(36) < C 5/ (E |cfe|e fc ) + e/E M J > where e f 

\ kei kei / 



Cfe 



ew(f)- 1 . 



Subcase 2b. m,2j k < w(f) < n%2j ko+1 for some ko € J. 
From condition b) in the definition of RIS we get 

(37) |/(a*)| < ew(f)- 1 / 2 = e f for all k e I with k < k . 
Using that w(f) > TH2ji and condition c) we get 

(38) |/(afc)| < Cw(f)- 1 < Cewif)- 1 ' 2 = Ce f for every fc < fc G J. 
Thus setting g } = \f{x k() )\e* ko from (|3T]).([3g]) we get 

(39) |/(E C ^)I < |cfe /(^feo)l+ E \ c kf{x k )\ 

kei kei\{k } 

<\ck f(xko)\+Ce f E \ck\<c(g f (£,\c k \e k )+e f J2\ck\ 
fce/\{fe } V fee/ fee/ 
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Subcase 2c. rri2j k+1 < w(f) for all k € I. 

In this case as in (pT7|) . \f(xk)\ < e w{f)~ 1 / 2 = ef for all fc G 7, and we set = 0. It 
follows easily that (|52")) holds. 



Case 5. / is of type II, i.e. / = £) i=1 A*/,. 

For the given interval 7 the inductive assumption associates to each fa a functional 
gf i satisfying ([52"|) . 

We note that there exists at most one i S {1, . . . , d} with w(fi) — rrij . Without loss 
of generality we assume that there does exist such an i, denoted by iq. From Case 1 we 
nave 9f iQ = l/(^fe )l e fe for some k € 7. 

For every 1 < i < d we set Cf i = {k 6 7 : range(/j) n range(xfc) ^ 0}. 

We partition the set M = {1, . . . , d} \ {io} as follows: 

7 = {i e M : w(fi) < m 2jk for all 6 C/J 

and for fe = 1, . . . , we set 

7 fc = {i e M : k e Cf t and m 2 j k < w(fi) < m 2jk+1 }. 

We enlarge Lk a by adding io to its elements. Note that if i £ Lq U UfcLfc then gf i = 0. 
We set 

d 

9 f = E = E i^-ifA + £( E i A </'(^)i)4- 

z=l i£Lo k iGLk 

We show that g/ € W} . Since for every z e 7 it holds that w(gf i ) = w(fi) we have that 
the functionals <?/ i; i S 7oj have different weights. Also since the sets are pairwise 
disjoint it follows 

E A * +E(E \*iM*k)\r < E A « + BE A ')ii^n - E A ^ - ^ 

ie/o k i£L k i£Lo k i£L k i—1 

hence <?/ € Wj . 

We show that (|32p holds. First we observe that since for all i, e fl < ew(f i y 1 / 2 it 
follows that J2i<d \^i\ £ fi — e - Also, 

d d 

i/(E c ^)i <E< A ^( E ^ fe )i <e ^i^Ks/, ( E M e *) + e /. E i^i) 

fee/ i=i feeC/i 2 =1 fc eC/i fc6C A 



<c(e m^+E(E 1^/^(^)1)4) (EM e *) + Ce E 

ViSLo k iGL k ) \kel ) kei 

= Cg f {Y,\ck\e k ) + CeY,\ck\. 
fee/ fee/ 

Case 4- f = Sj=i r i/jj where (rj)f =1 C Q, is a rational convex combination. 
As in the previous case for every i = 1, . . . , d we set 

7j = {fc S 7 : range(/ l ) n range(x /c ) ^ 0}. 
Take suitable (<?/ 4 ) by the inductive hypothesis. Setting <?/ = Yl%=i r i9fi we S e t 

i/(E c ^)i < c(ff/(E i c *i e *) + e E i c *i) 

fee/ fee/ fee/ 



Cfe 



□ 



Proposition 9.4. 7e£ e > 0, 1 < j e N, (^fe)feeN &e a (C, e)-RIS in with the associated 
sequence (jk)k an d j < ji- Assume that for every g S the set I g = {k : \g(xk)\ > 
2m~ 2 } has cardinality at most fij-i. Then 
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a) If £ < then for every f £ Kit of type I 



1 f , if w(f) < m, 

- n " 1 ciC + 2C ifw ( f)>m 



In particular \\^ ^ < 
fc— l 

6j J/ moreover for jo = j the additional assumption of the Basic Inequality is fulfilled 
{Provosition \9.3\ (|33p ). then for a linear combination -^:Y2i^i^i x i> where \bi\ < 1, we 
have 

Proof. The proof is an application of the Basic Inequality and Lemma 18.101 □ 
Proposition 9.5. The space is reflexive. 



The reflexivity of X^ is consequence of Proposition 19.41 following standard arguments, 
see 0,[H]. 

Remark 9.6. The reflexivity of the space X^ yields that Kg is norm-dense subset of 
Bx*. Indeed since is norming set it follows that conv(-R"^) it is w* — dense. The 
reflexivity of X^ implies that conv(ii"^) is w— dense and hence \\-\\-dense. Since is 
rationally convex we get that is in fact norm-dense subset of Bx* ■ 

10. Exact pairs and attracting sequences 

Now we define exact pairs and show saturation of X^ by them. Next we introduce 
the crucial notion of attracting sequences and estimate the norms of averages of elements 
forming these sequences: vectors (Corollary I10.5j) and functionals (Corollarv ll0.6p . 

Definition 10.1. A pair (x,f) with x G X^ and f € K/t is said to be a (C,2j)-exact 
pair, C > 1, j € N if the following conditions are satisfied 

1) f{x) = 1 and range / = rangex. 

2) / is of type I and w(f) = m^j. 

3) 1 < ||a;|| < 3C. ||a;||co < TO 2~/ and for every g of type I with w(g) < ni2j it holds 
that \g(x)\ < while for g of type I with w(g) > m 2j , \g(x)\ < hGrn^j . 

Proposition 10.2. Let j € N and Y be a block subspace of X^. There exists a (3,2j)- 
exact pair with x £ Y . 

Proof. Let Y be a block subspace of X^ and j € N. By Remark 19. 2\ Proposition 15.41 we 
can choose for e < 2mJ 2 a (3,e)-RIS (xk)2^i satisfying the assumptions of Proposition 
19"! It follows that 

Choosing /j S Kt such that fi(xi) = 1 and range(/i) C ranged ) we have that / = 
™2~i fi e K t and / Er=l *i) = 1- Setting x = E^ ^ x h where E = 

range(/), Proposition 19.41 a) yields that (x,f) is a (3, 2j)-exact pair. □ 

Definition 10.3. A double sequence (xk, fk) 1 ^^ 1 is called a (C,2j — 1) attracting se- 
quence, if there is a sequence (jsOfclT 1 such that 

(1) [fkJk^i 1 * s a (2j — l)-attractor sequence with tf(/2fc-i) = Trij 2k _ 1 and f%k = e;* 2fc 
where l 2 k € Aj 2fc for all k < rb2j-i/2, 

(2) x 2 k = e hk for all k < n 2j -i/2, 
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(3) (x 2 k-i, fik-i) is a (C,j 2 fe-i) exact pair. 

(4) j fe = 2a(/i, . . . , / fc _i) /or any fc < n 2j _i 

Remark 10.4. If (xk, /fc)fc=:f 1 is a (C, 2j — 1)- attracting sequence, then {xk/i^C)) 7 ^^ 1 
is a (5/3, ri2j-i) i?J5. Indeed, 

#(rangex fc ) ^ 2 = #(range/ fc ) 1/2 1 < mmjU/iHoo, i < fc} < rn~ 1/2 < 

m 2a(f u ...J k ) 

by the condition on a. Condition (c) in definition of RIS is satisfied thanks to X2k = ei 2k 
and the fact that (x^k—ij /2fc-i) *s a (C, j2fe-i) exact pair. 

Corollary 10.5. Let (arfc, /fcKffj -1 oe a (G 2j — 1) attracting sequence with associated 
sequence (jk)k> with \\x2k-x\\G ( < m 2j-i / or every k < n 2j -_x/2. Traen 

z " L 2j-l ' l 2j-l fe=1 ,n 2j-l 

Proof. To see the lower estimate in (gDJ note that / = m 2j 2 _ 1 Efc=f l/2 /sfe € Gg C A^. 
Hence 

|| £ (-l) fe+1 x fe || > |/( (-l) fe+1 ^i)l =m 2 -/_ 1 /2. 

The upper estimation in (j4"Uf follows from Proposition 19.41 b) for bk = (— l) fc and jo = 
2j — 1 after we show that 

Kl) for every g G it holds that : |<?(a;fc)| > 2m 2 ~j 2 _ 1 } < n 2j _ 2 
K2) The additional property of the Basic Inequality holds for the sequence (xk/iSC))^^ 1 
with constant 5/3. 

To see Kl) note that from the assumption we have that ||a;2fc-i||G{ < rr Hj-i- Take now 
any g e G\ = {m^-i EieF ±e i '■ F £ A^-J- If r > 3 then ls(ez 2 JI < m^f-i while if 



< j it holds that #{Z 2 fc : |ff(ez 2 J| > m 2 f_ -J < n 2r _i. 



From the definition of the G^ — special functionals g — J?^ r=1 g r we obtain 
\g{ei 2k )\ > 2m 2j 2 _ 1 => l 2k e supp g r with g r S Ui<j_iG} 

and therefore 

#{^2fc : |ff(e; 2 J| > 2m 2 ~/_ 1 } < ^n 2r -i < n 2 j-2- 

Finally let = ^fe=i a ^Vk e G «2- For evei T fc = let y% = y* k l + y* k 2 

with ind^ i) C {1, . . . , j} and md(y% 2 ) C {j + 1, j + 2, . . . }. So we may write y* = 

ELi^m +Yfk=i a ky* k ,2- 

Since Ei>j m 2i-i < — and the sets md(y%)k are pairwise disjoint in order 

|y*(ei 2i )| > 2/m|,-_i it must hold that Z 2 ^ £ suppy^ j for some k < d. As in the previous 
case we get 

#fe : |y*(e; 2i )| > 2m 2 ~. 2 _ 1 } < ^]n 2r _i < n 2i _ 2 . 

To see K2) we have to show that for any (2j — l)-attractor functional g and for any 
interval J C {1, . . . , n 2j _i} we have 

| 5 (^(-l) fe Zfc)| < 5C(max| 5 (x fe )| +m 2 - 4 _ 1 #J). 
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Let g = nqj_ x J2t=i 9t, d < n 2] -i. If g = f = nqj_ x E^f 1 fi then (-l) fc £fe) I = 

0. Otherwise let io — min{i < d : fi ^ gi\- Then, by definition of the attracting 
sequence and since J is an interval, we have 

to — 1 

(41) | E 9iC£(-l) k Xk)\ < 3 max \ 9l { Xl )\. 

A ' * ' 2<2n — 1 

i=i ke.J 

By Remark 17.2b ) for any 2i — 1 > iq. 2k — 1 > io we have iu(<72i-i) ^ w(f2k-i) and for 
any 2i > io, 2k > io we have g 2 % ^ f 2 k- Notice g 2 i{x 2 k) = for any 2i > io and any 
2k 6 J. By the definition of the attractor sequence we get for any 2k > io 

(42) | E gi(x 2 k)\ < maxH^-i-illoo < mj* < m^ 4 _ 1 . 

i>i 

Now by the definition of the exact sequence for any 2i — 1 > io and any 2k — 1 > io we 
have 

|52i-i(a:2fc-i)| < 5Cmax{u;(52i-i) -1 , m ]^ k _ 1 } < 5Cri^?_ v 
Hence using that ||cc2fe— l ]|oo < m J^ k l we obtain 

(43) | y^gj(a;2fc-i)i < 5C7i2j-i(^2j 2 -i + ll^2fe-i||oo) < 5Cm' 2j 4 _ 1 . 

i>i 

From (gU), gH), (g3D we get 

i 5 (^(-i)^ fe )i = i^— (E + E ftXEf- 1 )* 3 *)! 

* — ' TOo-i — 1 — — — 

feeJ 3 i=l i>i feeJ 



< 



3max|3(xi)| + \g(x io )\ + 5C E TO 2,-i < 5C(max \g(x k )\ + 

l<io — * fee./ TO,- i 



which ends the proof of K2) and thus the whole proof. □ 

Corollary 10.6. Let (xi, /j)"^ -1 be a (C,2j — l)-attracting sequence of length «2j-i 
satisfying the assumption of Corollaru \10.5\ Set 

"2j-l/2 n 2 j-i/2 
<t> = m 2?-l E ^i- 1 ' ^ = m 2~/-l E 

Proof. Notice that m2j-i(<j> + ip) E Kg hence the second inequality holds. To prove the 
first, from Corollary 1 1 . 51 wc have || — - — ^2 ( — l) fc+la; fe|| < 1 ± C and therefore 



k=l 



2 »2j--l 2 «2j-i/2 

hi > ^(t^- E = 1 ^ 2J " 1 2 E = ^- 

15Cn2 7 -i 15ori2 9 -i to, ■ , : ' 30C 

J i— 1 J Z J 1 i—l 



11. Spaces with no £ p as a spreading model 



□ 



In this section we show that the space does not admit Co or £ pi 1 < p < oo, as a 
spreading model. Actually we show that this holds for a wider class of Banach spaces 
which describe now. 

Let G be a ground set. Let Wg denote the smallest subset of coo(N) which 
(1) is symmetric, closed under the projections of its elements on intervals of N and 
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(2) for every j 6 N is closed under the (A nj ,m- 1 ) operation. 

(3) whenever is the result of an (A nj , , m^ 1 )-operation with rij k ^ n.j m for 

k^m, then £* =1 XJ, G W G for all (A,)ti € n [Q]<°°. 

(4) is rationally convex. 

Definition 11.1. A subset Dq ofV\?Q is said to be an extension of G if: 

(i) The set Dq is symmetric, closed under the projections of its elements on intervals 
ofN and G C D G . 

(ii) For any j £ N we have that Dq is closed under the (A n2j , m^} ) -operation. 

(iii) Whenever (/i)f =1 is the result of an (A nj , ,TnJ. )- operation with nj k ^ rij m for 

k^m, then £ti X t fi G D G for all (A,)ti € B u fl [Q] <0 °. 
iv) it is rationally convex. 

Definition 11.2. Let Dq be an extension subset o/Wg- We define 3^d g = ( c oo(N), ||-||d g ) 
We prove now the following theorem 

Theorem 11.3. Let G be a ground set such that the corresponding space Xq does not 
admit i\ as a spreading model. Then for every extension Dq the space J^j G does not 
admit any £ p or cq as a spreading model. 

Remark 11.4. The first example of a Banach space X with no £ p as a spreading model 
was given by E. Odell and Th. Schlumprecht |24j . The spaces we consider in Theorem 
\11.3\ are extensions of their example. In particular the space 3^d g is similar to their 
example when G = {±e* : n G N} and Dq — Wq. Our proof provides also an alternative 
proof of their result. 

Proof of the theorem. First we note that Proposition 17.81 holds for the space 3^d g ■ It 
follows that only l\ is finitely block representable in 3^d g and hence 3^d g does not admit 
Co or t p , p > 1 , as a spreading model. We prove now that the space 3^d g does not contain 
a normalized sequence generating an ^-spreading model. 

Since the space Xq does not admit l\ as aspreading model Erdos-Magidor theorem 
|12j . yields that for every bounded sequence (x n ) nS N and every e > we can choose a 
block sequence (y n )«eN of (a;„)„ eN where each y n = J2keF n x k/n 0l #F n = n 0l such that 
Ibnllc < e- 

Also by the Fact 16.51 if a sequence (i m ) n gK generates an ^-spreading model with con- 
stant c then for every e > there exists a block sequence (y n )neN of (x n ) n £f$ generating 
an ^-spreading model with constant (1 — e) . So assuming that a normalized block 
sequence (y n ) generates an ^i-spreading model with constant C, passing to suitable block 
sequence (z„) n gN of (y n )neN we may assume that 

A) (-Zn)rieN generates an ^i-spreading model with constant (1 — e) _1 . 

B) H^tjIIg < e for every n£N. 

We shall need also the following lemmas 

Lemma 11.5. Let x G 3^£> G - Then for every e > there exists jo G N such that for 
every 4> € Dq of type II with ind(0) > jo it holds that \4>(x)\ < e. 

The proof is similar to the proof of Lemma 16. II and we omit it. 

Lemma 11.6. Assume that (zn)neN satisfies A) and B) for e = 10 -3 . Then there exists 
jo G N such that for all n G N there exists <f> of type II with ind(0) < jo such that 
\4>{z n )\ > 0.9. 

Proof. Let G Dq be such that 4>(z 2 + z n ) > 1.998. It follows that \<p(z 2 )\ > 0.998 and 
\4>(zn)\ > 0.998. 

By B) we get that <f> = ^~\_ T Xjfj, where each fi is a weighted functional i.e. is a 
result of an {A rlj . , m~ ^-operation and weights of (/i)f =1 are different. Let j G N be the 
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number we obtain from Lemma Til. 51 for z-x- Setting A — {i < d : w(fi) < rrij } and B 
its complement we get | J2ieB ^i/i( 2 2)| < 0.001. Therefore 

G>>') 1/2 >lE A ^)|> 0.997. 

ig A is A 

It follows that 

A ') 1/2 ^ i 1 - 0-997 2 ) 1 / 2 => || ]T XiM\ < 0.09 

ieB ieB 

Hence \J2 ieA Xifi(z n )\ > 0.9. □ 
By the above lemma we get that 

(44) for every (j> of type II with ind(</>) > jo it holds that |0(zn)| < 0-6 for all n e N. 

Indeed, assume that there exists </>2 of type II with ind(02) > jo and |</>2(-Zn)| > 0.6. Then 
by the previous lemma we get <pi of type II with ind(0i) < jo such that 4>i(z n ) > 0.9. 
It follows that cj> = -^(4>x + <j) 2 ) £ D G and hence \\z n \\ > 4>{z n ) > °- 9 J^"- 6 > 1, a 
contradiction. 

Consider now the vector u — n 1 +1 z n jg+1 +i- Since we have that (z n )„ e pj 

generates an ^-spreading model with constant 0.999 -1 , there exists <j> £ D G such that 
(f)(u) > 0.999. Since \\z n \\ G < 10~ 3 for all neNwc get that <$> = J2t=i Ai/i where each 
fi is a weighted functional and their weights are different. Set 

Ri = {i : w(fi) < m JO } and R 2 = {i : w(f t ) > m JO }. 

By (|44p for every n we obtain | J2ieR 2 ^ifi( z n)\ — 0-6 an d hence 

(45) | X ^ u )\ ^ °- 6 - 

ieR 2 

On the other hand if i 6 i?i by Lemma [7~71 we get |/i(u)| < ^ff \ ■ 
Combining the above inequality with (|45[) we get 

0.999 < \<j>(u)\ < V 4tt + °- 6 < °- 8 > 

ieRi yj ' 

a contradiction. □ 

Corollary 11.7. The space does not admit any £ p (or cq) as a spreading model. 

The abstraction of the properties of the set D G enable us to derive also the following 

Theorem 11.8. There exists a reflexive Hereditarily Indecomposable Banach space Xhi 
with no £ p , 1 < p < oo, or cq as a spreading model. 

Sketch of the proof. First we shall define the norming set Kh i of the space %h i ■ The 
set Khi is the smallest subset of coo (N) satisfying the following conditions 

(1) Khi is symmetric i.e. if / e Khi then — / e Khi, it is closed under the 
restriction of its elements to intervals of N and {e* : n € N} C Khi- 

(2) Khi is closed under {A n2j , rri^j ^-operations. 

(3) Khi is closed under {A n2j _ 1 , m^ 1 _ 1 )-operations on special sequences. 

(4) Khi is closed under the operation J2ieA A*/* whenever 

(a) /j is the result of an (A rlj , m^ 1 )-operation and n, u ^ nj k for every i =/= k G A 

(b) (Ai) i6A e B &2 n [Q]<°°. * 

(5) Khi is rationally convex. 
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To complete the definition of Khi we must define the special sequences. An n&j-i— special 
sequence is defined as the ri2i-i-attractor sequence (Def. 17. 1[) with the exception 

that the functionals f%i are the results of an (-4n 2 „ (/l /2 . 1 )) m 2a(ji h 1 ))"°P era ti° n 
of functionals of Khi instead of (e£ ) we use in the attractor sequence. Observe that 
as a ground set we take the set {e* : n £ N}. The space Xhi is the completion of 
(coo(N), IHIiCffj)- In order to show that Xhi is HI space we follow the method initiated 
in [16] and extended in [8],[3],[7j. Namely first we observe that Proposition 17.81 holds 
for the space Xhi hence there exist seminormalized l\ averages in every block subspace. 
Next we consider rapidly increasing sequence (RIS) of l\ averages, Def. 19.11 and we ob- 
serve that Basic Inequality, Prop |9.3l holds also for the space Xhi- It follows that the 
estimations of Prop. 19.41 holds for RIS in the space Xhi- This enable us to consider 
the exact pairs, Def. 110.11 and also the dependent sequences. A (C, ^-independent 
sequence (xk, /jOfeSf 1 > 3 e is defined as the attractor sequence, Def. 110.31 with the 
exception that for all k < n^j—x, (xk, fk) is an exact pair. From the Basic Inequality and 
the estimations on RIS we obtain that estimations of Corollary 110.51 also holds for the 
dependent sequences. The estimations in Corollary 1 1 . 51 easily yields that Xhi is indeed 
HI space. 

Since the ground set of the space Xjji is the set G = {±e* : n £ N}, Theorem 111.31 
yields that the space Xhi does not admit any £ p or cq as a spreading model. □ 

12. The c -index of the dual of X$ 

We show now that every subspace of the dual space X£ has co-index greater than lj^ 
and does not contain a sequence generating a co-spreading model. As we have observe 
in Remark 19.61 the set is a norm-dense subset of Bx* ■ So proving that every block 
subspace generated by a block sequence of elements of has co-index greater than 
we get that the same holds for all block subspaces of X£. Hence in the sequel we will 
assume that the block subspaces are generated by block sequences of K £ . 

We shall need the dual result to Proposition 17.81 

Proposition 12.1. For every j £ N every block subspace Y of X| contains a 2 — Cq 2j 
average i.e. there exists a block sequence (z*)™^ in Y such that \\x*\\ > 2 _1 for every 
i<n 2j ar^- 1 < || || <1. 

For the proof see Lemma 5.4 in [S]. 

Proposition 12.2. a) The CQ-index of every subspace Y of A| is greater than ui^ . 

b) The dual space X| of X^ does not contain a normalized basic sequence generating 
a co-spreading model. 

Proof, a) It is enough to prove the result for the block subspaces. Let Y be a block 
subspace of A|. By Proposition 112. II for every jgNwe choose x*, i £ N such that x* is 

a 2 — Cg 2ji average. Let x* = J2t=i x t,t anc i x i = J2t=i where x* t (xij) > 2 _1 and 

\\xi.t\\ = 1- 

Let 1 < j £ N. Passing to a subsequence we may assume that (xi)™l\ is a (3, 1 /n^j)— RIS 
and by Proposition 15.41 for every g £ holds 

#{n £ N : \g(x n )\ > < 20m^ < n 2j -i 

m 2j 

Set y = *i and y* = Y.Z\ K ■ 

Then setting y :— Xy for some A £ [1,2], Proposition 19.41 yields that {y,y*) is a 
(6, 2j)— exact pair. 
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Note that for every g £ G^, setting A = {i : \g(xi)\ > -%-} we get 



2j ' 



(46) \g(y)\ < + E l*0*)l) < ^K-i + ^) < — 

It follows that for every j e N and every block subspace we have a (6,2j)-exact pair 
(y,y*) with y* £ Y and \\y\\ G( < 6/m 2j . 



Therefore we are able to construct for every j £ N a ^j-i-attractor sequence {yi,yl) 



n 2 j-i 
i=l 



with (s/2i-i) S/Ii-i) - a ( 6 > 2j2i-i)-exact pair, y^.j e Y* and ||y 2 i-i||G 4 < m 2j-i for ever y 
i. From Corollary 110.51 we get 

1 <n_^TW*n< 90 



Setting z* = m 2 j_ x E"=f l/2 J/ai-i and w l = ^ m 2j-i E"=f l/2 2/ai we S et that 

(47) II^II.IKII > ^> and \\z*-W*\\ < -J— . 

7 J 180 J J rn 2 j-x 

Let F £ and (w*)j e F be a G^— special sequence such that satisfies (jT7) for an 
appropriate and minsupp w* > j for every j £ F. 

From the definition of the ground set we have X^<=f £ G^ C Bj>q and hence 

ii E e J z lii ^ ii E £ j w j ii + ii E e J z l - e i w *o ii - 2 - 

jeF jGF jGF 

Notice that the tree consisting of sequences (z*) j6 ^, with F £ S%, obtained in the way 
described above has order greater or equal o(S^). 

b) Notice that if there is a normalized basic sequence in X£ generating a co-spreading 
model, then we get also a block sequence (/„) generating a co-spreading model, and then 
a normalized block sequence (x n ) C X^ with fi(xj) — Sij generates an ^i-spreading 
model in X%, a contradiction with Corollary 1 11. 71 □ 

13. The space X ? 

In this section we define our final space X^ as a suitable quotient Xf/Xi, and show 
the desired properties of X^ (Corollaries 113.51 and 113. S]) . In order to this we show for 
any subspace Y C X^ with Y/Xl infinite dimensional the existence of an l\ average and 
a norming functional with controlled behavior with respect to Y/Xl and X/j (Lemma 
113. 2p and consequently the existence of a suitable attracting sequence f Corollary 1 13.4|) . 

For an infinite subset L of N we set Xl — ((e ra ) n gi), where (e n ) n6 N is the basis of 
Xf: . We shall prove that that for every L £ [N] with N \ L also infinite and satisfying 
H={L n Aj) = oo for every i £ N, the quotient space X^ — X^/Xl, does not contain a 
(normalized) sequence generating an ^-spreading model but every of its subspaces has 
£i-index greater than Let Q : X^ — > X^ denotes the quotient map. 

Let N = L U M, where M n L = 0. First we prove the following 

Proposition 13.1. The sequence {Q(e n ))neM is a basis for the quotient X^. 

Proof. For every x = EneN a « e « e x i we S et Q( x ) = J2neM a nQ{e n )- Let M = 
(m/) and j < n. By the bimonotonicity of (e„)„ e N we have that IE™=i a miQ( e m>)ll = 
IEj=m a » e 'll f° r som e o,i,i £ [mi,m n ]. Using again that (e n )„ e N is bimonotone, for 
every j < n we obtain 



II E a,;ei H - II E ° ie,; ll = \\/, a mjQ(e mi )\\ 

i=mi i—mi i—1 

and therefore || £^ =1 a m i ( 3( e ™ i )ll < II Y,7= mi a * e ill ^ II Yh=i a m ,Q(e rni )\\. □ 
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We shall need the following result which is analogous to Lemma 11 [T5] , 

Lemma 13.2. Let N,m € N, e£ (0,1/4) and Y subspace of X^ such that the quotient 
Y/Xl is infinite dimensional. Then there exist o2-ff average x £ {ei : i > m} and 
f £ such that 

f(x) > 1/2, minsupp/ > minsupp £, dist(Q(x), Y/Xl) < e and dist(/, X^) < e. 

Proof. Let (e„) ne N be positive numbers with J2 n e n < e. Let (y n )neti be a normalized 
if— null sequence in Y/X^. Passing to a subsequence we may assume that (y n )neti is 
(e„)-close to a normalized block sequence (a?„)„ e N £ and there exists x n £ X^ such 
that 

Q{x n ) = x n , \\x n \\ = \\x n \\ and range(x„) = [minsupp (a; n ), maxsupp(x„)]- 

Let also y* n £ = A^ such that y* n (x n ) = 1 = ||&n||, ||y*J = 1 for every n £ N. Since 
(e*) ne pj is bimonotone basis of A|, setting x* n = E n y* nl where E n — range(a; I j), we get 
that (a;* ) nS N is a block sequence 

IKII < \\vt\\, x* n {x n ) = y*{x n ) and x* n £ Af 
Let fc, j £ N be such that 2 k > and N k < n 2 j. Such j, k exist, since by definition 
ri2j = (2ri2j-i) S2j_1 and 2 S2j ~ 1 = m%j. Hence if N < m^j-x setting k = s 2 j-i we get 
N k < n 2j and 2~ k < m7 2 ■ We set 



2r 

JV 



A x = ji € [N] : L = : 11^ E 5 ^^ > */2 j • 

By Ramsey theorem we may find an L £ [N] such that either [L] C or [L] n Ai = 0. 

Assume first that [L] C Ai. We may assume that x m i n L > m. Since x n = Q(x n ) for 
every n € N it follows that 

N N 
i=l i=l 

Let cc = ^ Si=i ^'i- Take g £ X| = such that g(jj Yli=i x h) > 1/2- As before we 
may assume that minsupp x = minsupp g. 

N 



Setting x = Q(i J2i=i x h) we S et 

1 N 1 N 

^(%Y/X L )<\\-^(S h -%)\\ Xe <-^2\\S h -%\\ X( <Y, e h <c 

i— 1 i— 1 i 

Since = we choose / £ A^ with 

/(x) > 1/2, minsupp / > minsuppx and ||/ — g\\ < (■ 
This is possible by taking an interval B such that \\g — Bg\\ < e/2 and using that 
minsupp x = minsupp g and Bx* = 

Assume now that [L] D A± = 0. Set y^ = ^ J2i£F n %U where = N, F n < F n+ i 
for every n and U^i 7 ",; = L. 

Passing to a subsequence we may assume that there exists a\ > 2 such that x n = 
oi^ X)ig_F * s a normalized sequence in Y/Z. We may again apply Ramsey theorem 
defining A 2 as before. If we get some L with [L] C A 2 the proof finishes as before. 

Assume that in none of the first k steps we get L £ [N] with [L] C A^. Then there 
exist oi, ei2, . . . , au > 2 and Zi < ^ < ■ ■ ■ < in N such that the vector 



! N" 



i=l 
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satisfies \\y\\x ( = !• 



The functional y* — J2 x t e %l satisfies \\y*\\ < 1- Therefore 

3 i—l 



2 N 2 

1 = \ y >y{y) = ^Tfc = — 

m2jN K rri2j 

which contradicts our choice of and j. □ 

Corollary 13.3. Lei Y/Xl be an infinitely dimensional subspace of the quotient X^/Xl- 
For every j 6 N, £ > there exists a (6, 2j)-exact pair (y, /) such that 

(1) dist(Q(y),Y/X L ) < e and dist(/, ) < e, 

(2) ||y|| 0< <6m 2i 1 . 

Proof. Let j £ N and (ej)j C (0,1) such that e; < e < rt^ 1 . Using Lemma fl3.2l 
inductively we choose (zi,fi)™=\ £ (coo(N) x K^) such that 

a) Zi is a 2 — £™ 23i average and (zi)^i is a (3, e)-RIS. 

b) dist(Q(zj), Y/Xl) < Ci and dist(/j,X^) < for every i. 

c) > 1/2. 

d) range(zj) U range(/ l ) < range(z l+i ) U range(/ l+ i) for every i. 

By Proposition [5TU we can assume that for every g £ the set {ieN: ls(-Z;)l > 2m~ 2 } 
has cardinality at most rij-i. Setting z = z * an d f = m 2~/ 127=1 f* we nave 

/(-z) > 1/2- Taking y := Az for some A e [1, 2] we get from Proposition 19.41 that (y, /) is 
a (6, 2j)-exact pair. It is easy to see that the exact pair (y, f) satisfies the requirements 
(1). The argument of (|46|) yields that (2) also holds. □ 

Corollary 13.4. For every j £ N, any Y/Xl infinitely dimensional subspace of the 
quotient X^/Xl and any e > there exists a (6,2j — \)-attracting sequence (j/j, /j)^ -1 
with the associated sequence (Ji)i such that 

A) supp fa = supp y 2 i C L, 

B) For every i < n 2j ~i, (t/2i-i, hi-\) a (6,j 2 i-i)-exact pair and ||j/2i-i||G 4 < 
"hj-i> 

C) dist(Q(EittK-i),l7^£) <e, 

D) There exists g £ X^ with 

»2j-l/2 n 2 j-i/2 

XI /2i-i|| < m 2j 2 _ 1 and ||p g ^ / 2 i|| < 2mj/_ 1 . 



W 2 -, . 

Proof. Using Corollary 113.31 and assumption on the set L we can choose an attracting se- 
quence (yi, /i)j=x _1 sucn that A) holds and for every i < ri2j_i/2 the couple (j/2i-i, /bi-i) 
is a (6, j2»-i)— exact pair satisfying the conclusion of Corollary 1 1 3 . 31 for e, = e2 _l , i.e. 

(1) dist(Q(y 2 ^ 1 ),y/X L ) < e t and dist(/ 2i -i, ) < e* 

(2) ||y 2 i-i||G 5 <6m-)_ i <rrq?_ v 

For every i < ri2j-i/2 choose <?2j-i G -X^ with ||/ 2 i_i — <?2i-i|| < £ 2~ J and let <? = 



in 



-2 v-^n 2j -i/2 



2i- 

By Corollaries 110.51 110.61 the chosen vectors and functionals satisfy the desired condi- 
tions. □ 

Corollary 13.5. Every subspace of the quotient has l\-index greater than u>£ . 

Proof. By Corollary 1 1 3 . 41 we can choose for every subspace Y/Xl of the quotient and 
any j an attracting sequence (yf , ff ) 1 and gj £ X^ such that for alU , 1 1 yf \ \ q < m 2j- 1 
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and for 

n 2 j-i/2 n 2 j-i/2 ^ 2 "2 3 -l/2 

2 \ 

'2j 



we have 

<?j — z*|| < 2m^_ 1 and ||<7j — < m' 2j 2 _ 1 and dist(Q(%), Y/Xi) < 16~ j . 



In particular we get ||<7j|| < 2. Setting itj = Q{uj) — Q{ w 2? 1 1 ( — l)" 7 ^ 1 ^) we get 

by Corollary [TOJ 



1-1 -2 



5 < 7 - <i/2 < /i(%)/2 - - 5,11/2 < ff,-(«j)/2 < ll^-ll: 



8 



"•23-1 



For any F £ we pick (Zj)j^p, (gj)j^p, (uj)j<zp so that 

(1) z*, gj, are picked as above for any j e F, 

(2) mhisupp(zj) > j for any j S F, 

(3) (Zj)j£F is a G^-special sequence. 

Then we have that || $^ eF < 1 f° r every e e {— 1, 1}. Since - z*|| < 2~ J ' for 

every j G F it follows that e j9j\\ — 2 f° r every ej = ±1. Therefore 

II a J%lk ^ 5 2 sgn(a 3 ) 3j (^ a jUj ) > i ^ ||%| > ^ ^ |a 3 -|. 

Since dist(uj, YjXif) < 16~ J for any j, by the above procedure we can obtain an £i-tree 
in Y/Xl with order greater or equal o(«Sg), hence the ^i-index of Y jXj, is greater than 
V*. □ 

Corollary 13.6. The space X^ = X^/Xl does not contain a normalized basic sequence 
generating an i\-spreading model. 

Proof. If a normalized basic sequence (x„) nG N C Xj generates an ^-spreading model in 
Xj, we may assume that it is a block sequence. Then we get a block sequence in X^ 
which generates an ^-spreading model, a contradiction by Corollary 1 11. 71 □ 

Gathering the results of this and previous sections we get the following 

Theorem 13.7. For every countable ordinal £ there exists a separable reflexive Banach 
space Xj with the hereditary Bourgain l\-index greater than ui^ such that Xj does not 
admit an l\- spreading model. Moreover the dual X| has hereditary c^-index greater than 
uj£ and does not admit a CQ-spreading model. 

Remark 13.8. The results presented above concerning indices of the dual space X£ and 
the quotient space Xj suggest the following problem: 

Assume that X is a reflexive Banach space such that every subspace of the dual has 
co-index greater than oj^. Does there exist a subspace Y such that every subspace of the 
quotient has X/Y has Bourgain ty-in&ex greater than ur> ? 
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